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Analysis for Graph Coloring Problem Based on Sticker and Deletion Systems
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Abstract  Graph coloring problem is a NP-complete one of graph and combinatorial optimization.
The computational time increases exponentially with the size of the researched problem solved
using the usual methods. Thus it is impossible to settle it efficiently. Sticker system and deletion
system are the language generated mechanisms based on sticking and deleting operations respec-
tively. In this paper, graph coloring problem was combined with the number of bad edges and
transformed into a problem of searching for the longest sequence. On the basis, the chromatic

number and all the color classes of graph were obtained using the parallelism of two formal mod-

els:

sticker system and deletion system. Compared with the existing DNA algorithm for graph

coloring problem, the proposed algorithm is of lower complexity.

Keywords

1 Introduction

In 1998, Kari""! introduced the definition of
the sticker system in the form of simple regular
sticker system as a formal model for self-assembly
computation. The sticker system most clearly re-
presents and formalizes a computation process of
the self-assembly mechanisms. It formalizes the

sticker operation, which can build double-stranded

DNA computing; graph coloring; sticker and deletion systems; bad edge

sequences starting from “axioms” using single-
stranded sequences or sequences with sticky ends
at one or both their ends called “DNA dominoes”,
by annealing to stick to each other. Afterwards,
Paun et al. ™ introduced the sticker system prolon-
In 2001,
Sakakibarat™ proposed a variant of sticker system,

ging the sequences in both directions.

which uses molecules with complex structures.

The type of sticker system may be seen as one of
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simple regular sticker systems in the original defi- ways based on biomolecular computing for graph
nition. In 1996, Kari and Thierrin®" introduced coloring problem™ . This paper introduces a no-
the concept of insertion-deletion system, following vel approach based on sticker and deletion systems
the systematic study of insertion-deletion opera- for graph coloring problem and makes comparison
tions in [5]. Here, only deletion operation (with- with some existing algorithms in the fifth section
out using insertion operation) is considered. of this paper.

Mathematically, a one-one assignment of col-

) . 2 Preliminaries and Lemmas
ors to the vertices of graph G such that any two

adjacent vertices are assigned different colors is An alphabet is a finite nonempty set of ab-
called a coloring of G. A coloring in which £ colors stract symbols. For an alphabet V', denote by V*
are used is a k-coloring. A graph G is k-colorable if the set of all strings of symbols in V. The empty
there exists a k-coloring of G. The minimum num- string is denoted by A. Each subset of V* is called
ber £ such that graph G admits a k-coloring is a language over V.

called the vertex chromatic number, or simply the Consider an alphabet V and a symmetric rela-

chromatic number of G, denoted by X(G). In a tion p& VXV (of complementarity). Denote
given coloring of G, a set consisting of all those [V} D‘} a’bev,(a,b)ep} ,WK,,(V):[V}’,
o 4 ?

vertices assigned the same color is called a color \4 \4

class. The graph coloring problem is: Given a LR, (V)= (( A )U (V) ) [V}‘ (( A )U (V))
P

graph G with n vertices and m edges, how can the v A Vv v A
graph be colored by the minimum chromatic num- (see Fig. 1).
ber? What is X(G)? And what are the color-clas- L(V)= < (;)U(‘g ) ) D;] Coee Fia. 2000 (b)),

ses? Furthermore, whether it is uniquely X(G)- B f

. . v A v ] .
colorable? As is well-known, the graph coloring R, (V)= {Vl} (<V )U( A )) (see Fig. 2(c), (d)).

W,(V)=L,(V)UR,(V) ULR,(V).

problem is an NP-complete problem. In recent
years, much work has been done to search better

M x Y x Yy x Yy y x Yy
| I e B
[ ] | | | | | |

(a) (b) (c) (d)

Fig.1 Incomplete double-stranded molecules with two sticky ends, where x is a double-stran-

ded sequence and y, ,y, are single-stranded sequences.

x y x x y x

(a) (b (¢c) (d)

Fig. 2 Incomplete double-stranded molecules with one sticky end, where x is a double-stranded se-

quence and y is a single-stranded sequence.

A sticker system is a construct Y= (V,p, A, A deletion system is a construct Y=(V,T,A,
D)., where V is an alphabet, p&V XV is a sym- R), where V is an alphabet, TE&V, A is a [inite
metric relation, A is a finite subset of W,(V), and language over V', and R is a finite set of triples of
D is a finite subset of W,(V) XW,(V). The ele- the form (u.a/A,v), u,v€EV", a€ V", The ele-
ments of A are called axioms. A sequence x, = ments of T are terminal symbols, those of A are
x,=>=>x,, with x; € A is called a computation in axioms, the triples in R are deletion rules. The
Y. A computation ¢; x; =" 1, is complete when meaning of (u,a/A,v) is that @ can be deleted from
2, € WK, (V). The set of all molecules produced at the context (u,v). For x,y€ V", we can write
the end of complete computation in ¥ is denoted by x=y if y can be obtained from x by using a dele-

LM, (7). Namely LM, (7)) ={w€ WK, (V) |[z=>"w, tion rule. The language generated by deletion sys-
€ A}. The language generated by sticker system tem ¥ is defined by L(Y) ={w€ T"|z="w,xCA}.

Y is defined by Let G=(V,E) be a graph with vertex-set V=
L (y)— velre LM (7.0 €V {vysv; 5+ sv,}. The set of all the permutations on
= {wé L},]G (D0 € ’ the set V is denoted by S,. Each element s of S, is
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called an ordering of S,. Let s=v,v,***v, and i,j &
{1,2,++,n},i<j. Denote by I[s,7,j] the interval
determined by the two subscripts 7 and j in s, that
is I[s,i,j]=w0vi 110 12°*v; 1. Let e€ E be an edge
of G and s& S, an ordering. Call e a bad edge with
respect to s if e=wv;v,;,i<j and I[s,i,j] is a stable
set (independent set) in G. For each ordering s &
S, s Denote by 6(s) the number of all bad edges in
G with respect to s.

Based on the above definitions, Croitorut*
gave a theorem which showed that determining an
optimal coloring for a graph is equivalent to loo-
king for an ordering of its vertices with a minimum
number of bad edges.

Lemma 1."'% There exists a sequence s =
v; v, € S, such that
b(s)=] {v,,ﬁU,J » €EElj=1,2,>,n—1}|=minb(s).

s€S,
Lemma 2."%  Let G be a graph. Then X(G) =

14+min b(s).

NGS”
The undefined terms and notations in this pa-
per can refer to [12] and [137].

3 Theory Designs of Graph Coloring

3.1 Construction of Sticker System
Let G=(V,E) be a graph with n vertices and
v, ) and E={e,,

ey, e, are the vertex-set and edge-set of G re-

m edges, where V= 1{v;,v,,

spectively.
Theorem 1.
generating the language from which we can obtain

There exists a sticker system

all the permutations over vertex-set V of G.

Proof. We construct the sticker system 7, as
follows. Let 7, =(V', 0, A, D), where V' =V |
{M}, M is a symbol, p={(v;,v,) |v, €V} U {(M,

s A= {11 0= ().
)

A
(7)7i:1’27"'9n} U
Obviously, the sequences in A can be pro-

u,M

longed only to the right by using the columns of

A
the form ( ) , i=1,2,,n, afterwards follow-
;M
M Mo,
ing by adding the columns <}{ ) or ( ;} ),i: 1,

2,+-+,n to the right. The above two steps are pro-
M
ceeded alternately. But once (A ) is applied, the

computation must be halted. Finally, we obtain all
the double-stranded sequences which are constitu-

M i
ted by (]\7I> and (i} ) sandwiched sequentially,i=
Ui

1,2,++,n. Namely, sticker system 7, generates the
sequences of the form M‘U,IM‘Z),ZM‘”M‘U,-JM, where
Uiy s Viys **t 5 U, E{v 05,50, ). Itis easy to see that
the language L, (7,) generated by sticker system 7,
satisfies the above requirement. |
Subsequently, we use the separating technique
of magnetic beads and get all the sequences which
contain v;,i=1,2,++,n as substrings. Following
by an operation of measuring the length of se-
quences, we gain all the sequences of length
2n-+1. For the sake of descriptive convenience, we
call the obtained sequences the standard sequences.
3.2 Construction and Analysis of Deletion System
Theorem 2.  There exists a deletion system
generating the language from which we can obtain
all the orderings including the least bad edges.
Proof. Construct the deletion system 7, as
follows. Let ¥, =(V'.T,A,R), where V.=V U
(M}, T=V’, A is the set of all the standard se-
quences, and R= {(v;, M/A,v;) | v;v; €EE}. Ac-
cording to the construction of deletion system
above, we may draw the conclusion that, in any
standard sequences, if the character v; before M is
adjacent to the character v, after the same M in
graph G, that is v,u; € E, then deletion system 7,
will delete the M between v, and v;. Again by the
definition of bad edge, w;v; is a bad edge. Let the
length of the longest sequences be [/ and s be a se-
quence with length / in L(7,). Then by LLemma 1,
the number of deleting M in s equals the minimum
number of bad edges. Consequently, the longest
sequences in L (7;) includes the least bad edges.
Furthermore, the minimum bad edge number is
2n+1—1L. L]
For the sake of further descriptive conven-
ience, we call the longest sequences in L(7,) feasi-
ble sequences.
Again by Lemma 2 and Theorem 2, we can
immediately obtain the following theorem.
Theorem 3. Let the length of the longest se-
quences be [ in L(7,). Then the chromatic number

of graph G X(G)=2n+2—1.
4 DNA Algorithm Design of Graph Coloring

4.1 DNA Algorithm of Graph Coloring
Our algorithm can be described as follows:
Step 1. Generate all the possible vertex-sequences;
Step 2. Keep only those sequences which contain every
vertex exactly once;
Step 3. Find out all the feasible sequences.
4.2 Implementation of the DNA Algorithm
A tube is a multiset of words (finite strings)
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over {A,C,G,T). Intuitively, a tube is a collec-
tion of DNA strands. In our algorithm, the follow-
ing operations are needed.

Stepl. Separate. Given a tube N and a word
w over the alphabet {A,C,G, T}, produce two
tubes +(N,w) and — (N,w), where + (N, w)
consists of all strands in N which contain w as a
substring and similarly, — (N, w) consists of all
strands in N which do not contain w as a sub-
string.

Step2. Length-separate. Given a tube N and
an integer n, produce the tube (N,n) consisting of
all strands of length n in N.

Step3. To-Single-Stranded. Denature each
dsDNA in tube and remove one ssDNA.

The above three operations can be implemen-
ted using the existing biomolecular technology.

To implement Step 1 of the algorithm, first
we need encode n-+1 oligonucleotides vy v, 5+

M and synthesize 3n DNA sequences Mv;, , v, M and

3

represents the complementary sequence. Then we

s Uy s

“ ”

),i=1,2,---,n, where the over bar

put plenty of the above synthesized 37 DNA se-
quences into tube N and produce the double-stran-
ded sequences which are constituted by M and v;,
i=1,2,
operations of sticker system 7, of 3.1. Namely,
M'U,»IM‘UI'ZM"'M‘U,'/M

M‘UIIM‘Z),QM‘”M‘U[JM

,n sandwiched sequentially using those

, where Vi s Uiyt

'9UiEE{U1,
)

U2 9"'97)7:}-

To implement Step 2 of the algorithm, first
we must use the operation To-Single-Stranded
to make the above double-stranded
M'U,»leizM"' M‘Z)I/M
va,lM'v,ZM"- M"u,jM
Mo, Mov; M-+ Mo, M. Then using n “Separate” op-
erations +(N.,v;) and —(N,v;),i=1,2,+*

get all the sequences which contain v;,i=1,2,-*

sequences

to single-stranded ones

. we
.
as substrings. Following by a “Length-separate”
operation (N,2n+1), we gain all the sequences of
length 27+ 1 and including v;,i=1,2, -, n as
substrings.

To implement Step 3 of the algorithm, first
we must use the operations in the deletion system
Y, of 3.2.

quences using polyacrylamide gel electrophoresis.

Then we obtain all the feasible se-

If you also ask further, what are the color-
classes? We need to proceed with the operations of
reading out the feasible sequences. If the vertices
and M arrange alternately, then these vertices be-

long to the same color-class; If the vertex joins an-
other one, then the two vertices do not belong to
the same color-class. For example, the feasible se-
quence is Mv; v;v; Mv; M, then the color-classes are
{"Ui1 }9 {Uiz } ’ {7/;3 s Ui, }
vertex v; belongs to the color-class to which the

For any consecutive v;v;,

vertex does with symbol M before v,; Vertex wv;
belongs to the color-class to which the vertex does
with symbol M after v;; The vertex self belongs to
one color-class if symbol M is neither before nor
after the one.

Now we give an example (Fig.3) to show
the whole process of the above implementation.
Firstly, we encode 6 vertices v, v, ***, v; and
one symbol M as Table 1, where vertex v, and M
correspond to the sequences of length 14 bases
and 10 ones respectively, i=1,2,++,6, and syn-
thesize 18 DNA sequences as Table 2. Then we
put plenty of the above synthesized 18 DNA se-
quences into tube N and obtain doubled-sequences

M"UileizM' . Mv,»]M
Mv,»lM"uizM° . -Mv;]M

vs | by using sticking operations of sticker system

vUQ7UQ9"'vUU€E{U19U29'”7

7, of 3.1. Subsequently, we proceed with the op-
eration of To-Single-Stranded to the above doub-
led-sequences and get single-sequence Mw; Mwv; M+
Mo, M. After six “Separate” operations +(N,v;) ,
—(N,v),i=1,2,
operation (N, 154), we gain 6!(=720) sequences

,6 and a “Length-separate”

of length 154 bases and including v; sequence as
,6,where 154 is the length of
sequences containing 6 vertices and 7 M sequences,
i.e.154=10X7-+14 X 6. Then we apply the dele-
ting operations in the deletion system ¥, of 3.2 to

substrings,i=1,2,

the above 720 sequences. For instance, for se-
quence Moy Mv,Mv,Muv,MvsMvM, since v, v, s vs vs
Vs Uy » U, Vs » Vs Vg are the edges of Fig. 3, according to
the deleting rules of deletion system %,, the five
Ms are deleted between v, and v, sv, and vs ,v; and
vys v, and vs, vs and v, and obtain the sequence
MuowsvsuwsvgUl of length 104 bases. For another se-
quence MvMu,Muv,MvsMv;MuvM, since v, v, » vs s »
vy vg are not and v, v, » vs V5 are the edges of Fig. 3,
the two Ms are deleted between v, and v, v; and
vy » and obtain the sequence Mv,Mvw,Muvsu,MwuM of
length 134 bases. Afterwards, we pick out all the
longest sequences (i. e. all the feasible sequences)

using polyacrylamide gel electrophoresis. In this

example, the length of the feasible sequences
is 134 bases. By Theorem 3, the minimum bad
edge number is w =2 and by Lemma 2,
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X(G) = 3. The color-classes corresponding to se-
quence Mo, Mv,v.MuvsvsMosM are {vy v, }s {vss 05}

and {v;. v }.

N\

Uy
Uy

Fig. 3 Octahedron—The graph of coloring problem

Table 1 The Encoded DNA Sequences Corresponding to
Vertices and M

!

Encoded characters DNA sequences (from 5" to 3)
1 ACCTGTACTGATCG
(2 ATGCTGAATGGCCT
U3 TCGAACCTATCACG
vy TAAGGTCGGCTGAT
vs ATGCTAGCTACCGT
Vg GTCACGAACTAAGC

M atcggeegge

Table 2 18 Synthesized Sequences

Synthesized DNA fragment DNA sequence (from 5" to 3")
Mo, ateggecgge ACCTGTACTGATCG
oM geeggeegat CGATCAGTACAGGT
Moy ateggeegge ATGCTGAATGGCCT
vy M geeggeegat AGGCCATTCAGCAT
Mg ateggeeggcGTCACGAACTAAGC
v M geeggeegatGCTTAGTTCGTGAC

[/\7/1} (m ) atcggeeggcACCTGTACTGATCG
M A tagceggeeg

[M} (“Uz ) ateggeegge ATGCTGAATGGCCT
M A tageceggeeg

atcggeeggcGTCACGAACTAAGC
tagccggeceg

spectively, synthesize n* DNA sequences N;C/N,.;
for odd i and N, CN, for even i, j=1,2,,n;
In [7], Liu et al. must encode n—+# oligonucleoti-
des representing n vertex-symbols v, ,v, ,***,v, and
k color-symbols C, ,C,,++,C, respectively and syn-
thesize nk DNA sequences, where £ is the used col-
or number. Furthermore, for any nonempty graph

G, determining its chromatic number X(G) need
transfer the DNA algorithm of [7] X(G)—1 times,

namely, £#=2,3,+-,X(G). In [8], Liu et al. must
encode 2n-1 oligonucleotides denoting n-+1 order-
symbols pis pssts p,iy and n vertex-symbols v, ,
v, s **, v, respectively and synthesize n° DNA se-
quences pv;sisj=1,2,+,n. In[9], Xu Jin et al.
must encode k oligonucleotides denoting £ color-
symbols and synthesize £” DNA sequences repre-
senting all the possible colorings. In [10], Amos
et al. must encode 2n oligonucleotides denoting n
color-symbols and n position-symbols, synthesize
nk DNA sequences representing all the possible
colorings. In [11], Gao Lin and Xu Jin must en-
code 2n+1 oligonucleotides representing n+1 or-
der-symbols P,, P;,++, P, and n value-symbols
V.V, e
quences P,V'P,., for odd i and P,.;V’P, for even
i,j=1,2,++,n. We make comparisons with refer-

ences [ 6]-[11] in Table 3.

Table 3 Comparisons with References [ 6 -[11]

,V, respectively, synthesize n° DNA se-

5 Conclusion and Remark

In this paper, we introduced a DNA algorithm
for solving the graph coloring problem based on
sticker system and deletion one. Compared with

d"¥"7, we need encode and

those approaches reporte
synthesize less DNA sequences. In our algorithm,
we need encode n + 1 oligonucleotides denoting
n—+1 symbols v, ,v, 5+ v, , M respectively and syn-
. — M7 (v
thesize 3n DNA sequences Mv; ,v;M and LW} ( h ) ,
i=1,2,-+,n. However, in [6], Liu et al. must
encode 2n+1 oligonucleotides representing n ver-
tex-symbols N;, N, , *-*
C,,+,C, and one artificial vertex-symbol N, ., re-

, N,, n color-symbols C,,

Algorithms Encoded sequences  Synthesized sequences
Our alorithm n+1 3n

Reference [ 6] 2n+1 n?

Reference [ 7] n+k nk

Reference [ 8] 2n+1 n?

Reference [ 9] k k"

Reference [10] 2n nk

Reference [11] 2n+1 n?
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