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Research on DNA Computing Methods of Optimization Problems on
Weighted Graph

HAN Ai-Li

(School of Information Engineering . Shandong University at Weihai » Weihai » Shandong 264209)

Abstract  This paper discusses DNA computing methods of classical optimization problems on
weighted graph. By improving the methods of encoding weights in the previous DNA computing
model, this paper proposes some new DNA encoding methods and DNA algorithms for optimiza-
tion problems. Specifically, by designing the relative length graph of a weighted and undirected
graph, it gives a DNA encoding method and DNA algorithm based on relative length graph for the
traveling salesman problem; by designing the general line graph of a weighted and undirected
graph, gives a DNA encoding method and DNA algorithm based on general line graph for the Chi-
nese postman problem; by selecting the best one of reverse complement alignments of DNA se-
quences, gives a DNA encoding method and DNA algorithm based on reverse complement
alignment for the minimum spanning tree problem; by designing an improved polynomial trans-
formation from the vertex cover problem to the Hamilton circle problem, gives a DNA encoding
method and DNA algorithm based on polynomial transformation for the vertex cover problem.
The proposed DNA computing methods improve the capability of representing and dealing with
data in DNA computing.
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. computation based on the interaction between
1 Introduction . .
DNA molecules, which develops theoretical com-

DNA computing is a new paradigm of parallel puter science by means of molecular biology tech-
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niques. The procedure of DNA computing uses
DNA molecules as information storage media, and
uses the basic techniques of molecular biology as
computational operators for copying, synthesizing,
separating, sorting, and concatenating informa-
tion, which solves science problems based on the
complement attribute between the bases of differ-
ent DNA strands. The procedure can be divided in-
to three phases: encoding, computation (molecular
biology experiments), and the abstraction of solu-
tions, where the encoding phase maps the problem
we want to solve to a set of DNA molecules that
can be used to compute by means of molecular biol-
ogy techniques. The quality of codes directly af-
fects the speed and efficiency of computation.
Currently, the research on DNA computing
has made a great progress in theory or experiment
methods. Adleman' presented a DNA computing
model of solving the Hamiltonian path problem in
1994. Lipton™ abstracted a parallel model of mo-
lecular computation to solve the 3-SAT problem on
the basis of Adleman’s experiment in 1995. Ouy-
ang et al®® solved the maximal clique problem in
1997. These previous researches on DNA compu-
ting do not need to consider the method of enco-
ding weights in DNA strands. With the develop-
ment of DNA computing techniques, it can be used
to solve increasing optimization problems. There-
fore, the method of encoding weights in DNA
strand is an important issue toward expanding the
capability of DNA computing to solve optimization
problems. There exist previous works to represent
weights in DNA molecules. Narayanan et al™’
presented a method of encoding weights by the
lengths of DNA strands. Shin et al”®’ proposed a
method of encoding weights by the number of hy-
length DNA
Yamamoto et al"® proposed a method of encoding

drogen bonds in fixed strand.
weights by the concentrations of DNA strands.
Lee et alt™ proposed a method of encoding weights
by the melting temperatures of fixed-length DNA
strands. These encoding methods successfully
solve some instances, but there are certain limita-
tions. So we need to do further research on DNA
encoding method.

This paper discusses DNA computing methods
for the Chinese postman problem (CPP), the trav-
eling salesman problem (TSP), the minimum span-
ning tree problem (MST), and the vertex cover

problem (VCP).

methods for certain optimization problems, it takes

By designing DNA encoding

full advantage of different DNA sequences to en-
code weights. This work improves the capability of
representing and dealing with data and expands the
extent of solving optimization problems in DNA
computing.

2 Preliminaries to DNA Computing

DNA (deoxyribonucleic acid) is a kind of poly-
mer that is composed of many monomers (deoxyri-
bonucleotide, briefly nucleotide). There are two
modes of connecting DNA monomers to a poly-

mert® .

(1) 5-phosphate group of one nucleotide
combines with 3-hydroxyl group of another nucleo-
tide through phosphodiester bond. Thus, DNA
monomers can combine with each other to form a
DNA strand. (2) The base of one nucleotide at-
tracts the base of another nucleotide through hy-
drogen bonds based on the principle of Watson-
Thus, two DNA
strands of reverse complement can combine with
each other to form a DNA double-strand.

When DNA monomers combine with each oth-

Crick complementary bases.

er to form a DNA strand, the combination has cer-
tain orientation”'!. Usually, the DNA strand
with 5 free-end being located at the most left end
and 3 free-end being located at the most right end
is marked with 5-X,X,--X,-3", and the DNA
strand with 3 free-end being located at the most
left end and 5 free-end being located at the most
right end is marked with 3-X,X,--X,-5", where
X, denotes the ith base in DNA strand. When
DNA strands combine with each other to form
DNA double-strand through hydrogen bonds, the
combination is subject to the principle of Watson-
Crick complementary bases, that is, A matches T
and C matches G. Note that, a DNA double-strand
is composed of two anti-parallel strands subject to
the principle of Watson-Crick complementary bases.

In order to easily describe the methods, the
following representation'’’'?! is used in this paper:
5-X, X, X,-3" is written as X, X, - X,, and 3'-
X, X, X,-5" is written as — X, X, -+ X,. For any
DNA strand s, its reversal —s is called the reverse
strand of s. Let h(s) denote the mapping function
from each base in s to its complementary base, that
is, h(A)=T, h(G)=C, h(C)=G, h(T)=A.
The DNA strand i (s) is called the complement
strand of s, and its reversal —h(s) is called the re-
verse complement of s. Any DNA strand s can com-
bine with its reverse complement —h(s) to form a
DNA double-strand through hydrogen bonds.
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3 DNA Computing Method Based on
Relative Length Graph for TSP

For a weighted, connected and undirected
graph G=(V,E),v, €V, e, €E, 1<<i, j<<n, where
the weight on edge ¢; is w,;,» the traveling sales-
man problem (TSP) is to find a circle with minimum
sum of weights that starts from a certain vertex,
ends at the same vertex, and passes through every
other vertices once and only once. For any instance
of the traveling salesman problem, if some weights
are very small or very large, the previous encoding
method™ cannot work well. We devise a new DNA
encoding method and DNA algorithm based on rel-
ative length graph to deal with it. The method en-
codes weights by the order numbers of weights in-
stead of weights themselves, so it can directly deal
with weights of either real numbers or integers,
and the obtained solution is not proportional to the
length of DNA strand. This makes it can deal with
weights in a very broad range.

3.1 Concepts of Order Number of Weight and Rel-
ative Length Graph

Definition 1. For a weighted and undirected
graph G=(V,E),v,;EV,e;, €E,1<i, j<n, where
the weight on edge e; is w;; ,» all the weights are
and the equal

Thus, all the
weights are divided into p groups according to their

sorted in an increasing order,

weights are at the same position.
g p

position, which are numbered from 1 to p, respec-
tively. The number of a weight is called the order
number of the weight™*!,

Definition 2. For a weighted and undirected
graph G=(V,E),v,EV,e; €E,1<<i.,j<n, where
the weight on edge e,; is w;;, we remark w; with
wy; ., il the order number of w;; is k. For each re-
marked weight w;; ., we add £#—1 nodes on edge
e;;. The obtained graph G' is called the relative
length graph of G,

According to the definition of relative length
graph, the edge ¢;; is divided into & segments if the
order number of w; is k.. The bigger the order
number, the more the segments of the edge. That
is, the number of segments of an edge represents
the relative length of the edge. Note that the num-
ber of segments isn’t directly proportional to the
value of weight. Consider the edges with weights
2, 1000, 1002, the numbers of segments are 1, 2,
3, respectively.

3.2 DNA Encoding Method Based on Relative
Length Graph
For a weighted and undirected graph G =

(V,E), v, €V, e, €E,1<i,j<n, where the weight
on edge ¢,; is w;; »w,; =0, the DNA encoding meth-
od based on relative length graph for the traveling
salesman problem is given as follows:

(1) Remark each weight w,; with w; , accord-
ing to the order number £ of w;;.

(2) For each remarked weight w;; ,, we add
k—1 nodes on edge ¢;. The added nodes are re-
! The

spectively marked with vi}/_ll , v:‘;,.z SRR
obtained graph is marked with G'.

(3) For each vertex v, in G', use DNA strand
s; of length 2¢(c&€Z, ¢=5) to encode it.

(4) For each edge e’,j in G', use DNA strand
s;=—h (.9/,75;) to encode it, where s! denotes the
last half of s;,s; denotes the first half of s5;,, —A(s)
denotes the reverse complement of s.

Thus, when the vertex codes and the edge
codes are mixed together, they can combine with
each other to form DNA double strands based on
the principle of Watson-Crick complementary ba-
This method of encoding weights in DNA

called the Relative Length Method

ses.
strands 1is
(RLMD).

Take the graph G shown in Fig. 1(a) as an ex-
ample. All the weights are sorted in an increasing
order, that is, 1.2, 2, 2.5, 3, so the order num-
bers of weights 1.2,2,2.5,3 are 1,2,3,4, respec-
tively. Thus, the weights w,» w13 s wWig» Wis s Was »
Wy s Wis » Wys are remarked with wisq s Wiy s Wiy s
Wis.os Wagqs Wi Wis.os Wis.3s respectively. For
each remarked weight w;; ., we add £#—1 nodes on
edge e;;. For example, we add two nodes on e,
since w;; is remarked with wi;.;; we add one node
on e;; since wis is remarked with w.,, and so on.
The obtained graph G’ is the relative length graph
of G, as shown in Fig. 1(b).

(b)

(a)

Fig.1 A weighted graph G & its relative length graph G’

For each vertex o/ in Fig.1(b), use DNA
strand s; of length 10 (select c=5) to encode it.
Here, the added nodes are viewed as vertices. For
each edge ef] in Fig. 1(b), use DNA strands s; =
fh(s/,-/sj/-) to encode it. Thus, with the help of the
property of reverse complementation between the
vertex codes and the edge codes, DNA double
strands extend continually to form various random
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paths including the optimal solution.
3.3 DNA Algorithm Based on Relative Length
Graph

Given a weighted and undirected graph G =
(V,E), v, €V, e; €E, 1<1i, j<n, where the
weight on edge ¢; is w;; »w,; =0. Suppose that v, is
the original vertex just as well. The DNA algo-
rithm based on relative length graph for the trave-
ling salesman problem is given as follows:

(1) Construct the relative length graph G’ =
(V', E") of the graph G=(V,E).

(2) For the relative length graph G', use
DNA strand s; of length 2¢ (¢ &EZ, ¢=5) to encode
vertex v,, and use DNA strand s,j:fh(s/,-/s;) to
encode edge ¢/;.

(3) Merge: DNA strands s; and s;; are mixed
together in a single ligation reaction. Based on the
principle of Watson-Crick complementary bases,
randomly form various DNA double strands.

(4) Denature: DNA double strands are changed
into DNA strands by heating.

(5) B(N,s;): Keep all the DNA strands with
5'-end being s, , that is, keep all the random paths
with the original point being v.

(6) ECN,s;): Keep all the DNA molecules
with 3'-end being s, that is, keep all the random
paths with the destination point being v;.

Note that, by the steps (5) and (6), we get
all the DNA molecules with 5'-end and 3'-end be-
ing s,.

(7) +(N,s;): For each vertex v, except v},
keep all the DNA strands with s;, that is, keep all
the paths with /.

(8) Separate the shortest path by means of gel
electrophoresis.

(9) Sequence the shortest path to determinate
its nucleotide sequence, which corresponds to the
optimal solution.

3.4 Comparison with Previous Methods

M) proposed a length-based

Narayanan et al
DNA encoding method for the shortest path prob-
lem and Han et al"' gave a length-based DNA en-
coding method for the traveling salesman problem,
which encode weights according to the actual
length of distance. The relative length method
(RLM) is complementary to the previous meth-

[4,14]

ods. (1) The previous methods can only deal

with weights of integer, and weights cannot be
RLM can deal with

weights of either real number or integer, even very

very small or very large.

small or very large weight. This is because that, in
relative length method, the DNA strands used to

encode very large weights are shortened and the
DNA strands used to encode very small weights are
enlarged. Consider the weights 300, 1, 1000. The
order numbers are 2, 1, 3, respectively, so the
DNA strands used to encode them are with lengths
of 20,10, 30. (2) In the previous methods, when
the difference between the lengths of two paths is
very small, such as 100 and 101, gel electrophore-

14) " This problem can

sis cannot distinguish them!
be easily conquered in RLM because with the help
of relative length graph, the difference between the
lengths of different paths is always above or equal
to 2¢, ¢=>5. (3) In the previous methods, the
length of each path is directly proportional to that
of DNA strand. Thus, the weights that can be en-
coded by the previous methods fall in a narrow
range. But the solution obtained in RLM isn’t pro-
portional to the length of DNA strand, which
makes RLLM can encode weights in a broad range.

Note that, constructing the relative length

e—1
graph of a weighted graph needs to add 2 i:@

i—1
nodes in the worst case, where e denotes the num-
ber of edges in the given graph. Compared with the
original graph., the scale of the relative length
graph increases by O(n*). Therefore, only when
there exist very small or very large weights in the
given graph or the difference between the lengths
of two paths is very small, that is, in the case of
the length-based DNA encoding method cannot
work well, the relative length method is used to
encode weights. So the DNA encoding method
based on relative length graph is complementary to
the length-based DNA encoding method™'*/,

4 DNA Computing Method Based on General
Line Graph for CPP

For a weighted, connected and undirected
graph G=(V,E),v,€V,e; €E, 1<i<n,1<j<m,
where the weight on edge ¢; is w;, the Chinese
postman problem (CPP) is to find a circle with
minimum sum of weights that starts from a certain
vertex v;, ends at v; » and passes through each edge
at least once. For the Chinese postman problem,
this section first proposes the concept of general
line graph, and then devises a DNA encoding
method and DNA algorithm based on general line
edge.

4.1 Definition and Construction of General Line
Graph

Definition 3. For an undirected graph G =

(VLE), v, €V, ¢,;€E, 1<<i<n, 1<j<m., a map-
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ping function f is constructed to satisfy: For each
edge ¢; € E, only one vertex v in G' satisfies
f(e;)=w/; for each vertex v, in G', only one edge
e; in G satisfies f7'(v])=e¢;. If ¢; and ¢; in G are
adjacent, then add an undirected edge between v,
and “u;- in G'; if v; in G is an odd degree vertex,
then add at most one self-loop to each of the verti-
ces which are mapped from the edges linked to v;.
The undirected graph obtained by the mapping
from edge to vertex is called the general line graph
of G/,

Take the weighted and undirected graph G
shown in Fig. 2(a) as an example. The procedure
of mapping from edges to vertices is as follows:
(1) Map the edges e, .e;,, -
Uy s svg; (2) Link the vertices in G': Since the

. . / .
edge e, is adjacent to e,,e5,e;, the vertex v, is

. /7
,es to the vertices v ,

linked to v, ,vs,v;; since the edge e, is adjacent to
es .04 .0, » the vertex vh is linked to v, v;.v,, and
so on. (3) Add the self-loops in G
v; are odd degree vertices and the edges linked to

Since v, and

v, and v, are e, ,e,,¢5.¢5,¢;, the self-loops are re-
. / / /7 / /
spectively added to v} sv; »vs s U5 »v5. The construc-

ted general line graph G’ is shown in Fig. 2(b).

(a)
Fig.2 A weighted and undirected graph G

and its general line graph G’

By means of mapping from edges to vertices,
the problem of searching for the shortest circle that
passes through each edge at least once is converted
into that of searching for the shortest circle that
passes through each vertex at least once. Note that
the vertex-edge sequence corresponding to the
shortest circle isn’ t only one. For example, the
shortest circle in Fig. 2(a) is v, e, v, e, v5e5v, €, s €5 v,
€50, €40 €507 €70 OF V) €] 0y €4 Vg €50y €503 €3V, €4, V5 €5 Vg €4
vre; v, » where eg denotes the reversal of eg.

4.2 DNA Encoding Method Based on General Line
Graph

Given any weighted, connected and undirected
graph G=(V,E) ,v,€V,e,; €CE, 1<<i<n, 1<j<m,
where the weight on e; is w;, w; =0, w; €Z%. In
order to easily describe the method, suppose that
all the weights in graph G are even. If there exists
odd weights, all the weights multiplied by 2. In
this case, the obtained optimal solution needs to be

divided by 2. The DNA encoding method based on
general line graph for the Chinese postman prob-
lem is given as follows:

(1) Construct the general line graph G’ of the
given graph G by means of mapping from edges to
vertices.

(2) For each vertex v, in G', use DNA stand
s; of length w; to encode it, where w; is the weight
on edge ¢; corresponding to vertex v,.

(3) For each edge e/, = (v,v)) in G', use DNA
strand s;; = *h(si/s;) to encode it, where s/ denotes
the last half of s;.s, denotes the first half of s5;, and
—h(s) denotes the reverse complement of s.

Take the weighted and undirected graph G
shown in Fig. 2(a) as an example. The general line
graph G’ is first constructed, as shown in
Fig. 2(b). For the vertices v; vy, vs in G, se-
lect DNA strand s, ,5,,°**,5s5 of lengths 18, 40, 36,
20, 28, 60, 84, 14 to encode them, respectively.
For each edge ¢/, = (v/,v)) in G', use DNA strand

s; =—h(s]s)) to encode it. For example, the code

ij
of edge ¢'1,= (v, v%) is si,= —h(slsy), whose
length is 18/24-40/2=29. Thus, with the help of
the property of reverse complementation between
the vertex codes and the edge codes, DNA double
strands extend continually to form various random
paths including the optimal solution.

4.3 DNA Algorithm Based on General Line Graph

Given a weighted, connected and undirected
graph G=(V,E) ,v,EV,e,; €CE, 1<<i<n, 1<j<m,
where the weight on ¢; is w;,w; =0, w; €Z. Sup-
pose that v, is the original vertex in the general line
graph G’ just as well. DNA algorithm based on
general line graph for the Chinese postman prob-
lem is given as follows:

(1) Construct the general line graph G’ of the
given graph G by means of mapping from edges to
vertices.

(2) For each vertex v} in G', use DNA stand
s; of length w; to encode it. For each edge e/,
(v, v)) in G', use DNA strand s; = —h(s’s)) to
encode it, whose length is [w;|/2-+ |w; | /2.

(3) Merge: DNA strands s; and s;; are mixed
together in a single ligation reaction. Based on the

principle of Watson-Crick complementary bases,
randomly form various DNA double strands.

(4) Denature: DNA double strands are changed
into DNA strands by heating.

@ If w; is a real number, all the weights multiplied by a cer-
tain integer (i. e. 10) and then they are rounded into inte-
gers.
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(5) B(N,s;): Keep all the DNA molecules
with 5'-end being s, that is, keep all the random
paths with the original point being ;.

(6) ECN,s;): Keep all the DNA molecules
with 3'-end being s, , that is, keep all the random
paths with the destination point being v;.

(7) +(N,s;): For each vertex v} (2<<j<<m)
in G, keep all the paths with vj/.

(8) Separate the shortest path by means of gel
electrophoresis.

(9) Sequence the shortest path to determinate
its nucleotide sequence, which corresponds to the
optimal solution.

4.4 Comparison with Previous Methods

Currently, there exists previous work to en-
code weights in DNA computing. Narayanan et al-"
presented a conceptual encoding method that en-
codes weights by the lengths of DNA strands. Shin
et al™ proposed a method of encoding weights by
varying the number of hydrogen bonds in fixed-
length DNA strands. Yamamuto et al®! proposed a
method of encoding weights by the concentrations
of DNA strands. Lee et al'™ proposed a method of
encoding weights by the melting temperatures of
DNA strands. All the above methods are suitable
for some specific instances, but the generated ran-
dom paths in a single ligation reaction are alternant
DNA strand and double-strand. The proposed
DNA encoding method based on general line graph
uses one DNA stand s; of length w; to encode each
=—h(s’s))
to encode each edge efj = (vf,vj/»). This makes our
method generate DNA double strands instead of al-
ternant DNA strand and double strand in a single

/
vertex vj, and uses one DNA strand s;

ligation reaction. Therefore, the proposed DNA
encoding method can generate the optimal solution
more easily than the formers, which improves the
capability of representing and dealing with data in
DNA computing.

5 DNA Computing Method Based on Reverse
Complement Alignment for MST

For a connected and undirected graph G=
(V,E) with n vertices, a spanning tree is a sub-
graph that contains n vertices and n—1 edges with-
out circle. For a weighted, connected and undirect-
ed graph, a minimum spanning tree (MST) is a
spanning tree with the minimum weight. The MST
problem is to find a minimum spanning tree of the
given graph. This section gives a DNA encoding
method and DNA algorithm based on reverse com-
plement alignment for the MST problem.

5.1 Definitions of Complement Alignment and Re-
verse Complement Alignment

Sequence alignment reveals the relations be-
tween the characters in different sequences. The
alignment a between sequences s and ¢ is the se-
quence pair (s",¢") which satisfies that™®; (1) || =
|t"|, where |z| denotes the length of sequence x;
(2) after deleting all the spaces in s', the remai-
ning part is s; (3) after deleting all the spaces in
t', the remaining part is ¢; (4) for each i, s'[i] or
£'[i] is not a space. For any sequence alignment,
the relation between two characters is same or dif-
ferent; whereas in DNA double-strand, the rela-
tion between two characters is complement, same,
or different. So complement alignment and reverse
complement alignment of DNA sequences are fitter
than sequence alignment in DNA computing.

Definition 4. Given an alignment a= (s",¢")
between DNA sequences s and ¢z. The alignment «a

061 f o satisfies:

is called a complement alignment
(1) For each i, s'[i] is complementary to ¢/ [i] if
s'[i] and ¢'[i] are not spaces; (2) The orientation
of s’ is the same as that of ¢'.

Definition 5.

between DNA sequences s and ¢. The alignment «a
[16]
t

Given an alignment a= (s ,¢")
is called a reverse complement alignmen if
satisfies; (1) For each i, s'[i] is complementary to
/i) if s'[i] and ¢/'[i] are not spaces; (2) The ori-
entation of s' is opposite to that of ¢'.

The method of computing the score of a se-

quence alignment is as follows™ .

For any align-
ment between two sequences, a bit is assigned to
—+1 if the two corresponding characters are the
same ones (a match); a bit is assigned to —1 if the
two corresponding characters are different (a mis-
match); a bit is assigned to —2 if one of the two
corresponding characters is a space. The sum of
the values of all bits in an alignment is called the
score of the alignment. The alignment with the
biggest score is called the best alignment.

Based on the method of computing the score of
sequence alignment, the method of computing the
scores of complement alignment and reverse com-
plement alignment is given as follows. For a com-
plement alignment or a reverse complement align-
ment, a bit is assigned to -+ 1 if the two corre-
sponding characters are complementary (a comple-
ment match or a reverse complement match); a bit
is assigned to —1 if the two corresponding charac-
ters are not complementary (a complement mis-
match or a reverse complement mismatch); a bit is
assigned to — 2 if one of the two corresponding
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characters is a space. The sum of the values of all
bits in a complement alignment or reverse comple-
ment alignment is called the score of the comple-
ment alignment or reverse complement alignment.,
The complement alignment with the biggest score
is called the best complement alignment. The re-
verse complement alignment with the biggest score
is called the best reverse complement alignment.

5.2 DNA Encoding Method Based on Reverse Com-

plement Alignment for MST

For any graph G=(V,E) with
n vertices, the DNA strand used to distinguish a

Definition 6.

vertex from other n—1 vertices is called the recog-
nition code of the vertex.

For a weighted, connected and undirected
graph G=(V,E), v, €V.,e,;, €F,1<i,j<n, where
the weight on ¢;; is w;; »w;; =0,w;; €Z, the length
[ of recognition code should satisfy: 4/~ '<<n<<4',
that is, /=[log,n|, where 4 is the number of let-
ters in {A,T,G,C}. The DNA encoding method
based on reverse complement alignment for the
MST problem is given as follows:

(1) Let [=max{ Dog4 71—‘ ,6}. For each vertex
v; in G, use DNA strand r; of length / to encode it.
Here, 6 is an empirical value that indicates the
minimum length of recognition code.

(2) For each edge ¢; in G, use DNA strand s;;
of length 2p=2X max{w;,/} to encode it. Here,
the first part of length [ is the same as r;, and the
last part of length [ is the same as r;. And then
compute the reverse complement alignment. If
w;; >1, then let Sw, | denote the first part of length
w; of s; . Swys denote the last part of length w; of
s;» and compute the reverse complement align-

ments of s, ~and s, ,,» which are marked with
ij - ij -

2

a, and @, respectively; otherwise, compute

i1 .2

the reverse complement alignments of »; and r;,
which are marked with «, and a, s respectively.
Note that, when w;; is larger than /, r; or r; cannot
be the substring of the center part of ;.

(3) For any two adjacent edges e;; and ¢, , add
DNA strand Suy s
(a) denote the upper strand of a, Lower(a) denote

as an additional code. Let Upper

the lower strand of a, and “ -+ 7 denote
concatenation. If w,; >/ and w;, >/, then the addi-
tional code Sug, = Lower(a, )+ Lower(a, )3

i k1

if w; </ and w;; =</, then ‘“,k = Lower (arj ) +
Lowcr(arj )i if w;>1 and w;,, =<1, then s

Aij ok

Lower(a, ) +Lower(a, ); il w; <! and w;, >1,
then Suys = Lower (a,.J ) + Lower (a ).

i

ThUS ]
“ik 1

DNA strands s;; and s; can combine with s, , to
ok

form DNA double strands, as shown in Fig. 3.
Note that, for edges ¢;; and ¢;,, also add one DNA
strand S.,., as an additional code.

Saij ‘1‘7,,1
(a)w,>1and w,>1 (b)w, =l and w, =<1

N S, r s - S, S
@ij1 ©ij,2 i T T Vi e e

S,

ok
() w, =1 and w,>1

s
ik
(¢)w,>1and w,=<1

Fig. 3 Joint of DNA strands s; , sy and s,

ik

Take the weighted graph G shown in Fig. 4 as
an example. There are 8 vertices and 12 edges in
it, so /=max{[log,8].6}=6. For each vertex in
G, use a DNA strand of length 6 to encode it. For
; =6, DNA strand s,; is
with length of 12, where the first half of s; is
and the last half of s;; is ;. If w;;>>6, DNA strand

is with length of 2w; , where the first part of

each edge ¢; in G, il w

Sij
length 6 is the same as r;, the last part of length 6
is the same as r;, and the center part of s,; is ran-
domly selected but it must exclude ; or r;. And
then compute the reverse complement alignments:
If w

compute a

i = 6, then compute a, and a, ; otherwise,

and a, For the edge ey, com-

i1 Wij .2

pute @, and @, since w,; = 6; for the edge e,

compute a; and a, since w;, >6, and so on.
®12.1 12,2

For any two adjacent edges e; and e; ., add one

DNA strand s

ij ok

the edges e, and e;;, the additional code s

as an additional code. Consider

42,3

Lower (a, ) + Lower (oz,,2 ) since w;, > 6 and
“12,2

w23§6.

Fig.4 A weighted and undirected graph G=(V,E)

5.3 DNA Algorithm Based on Reverse Complement
Alignment

For a weighted, connected and undirected
graph G=(V,E),v,EV,e; €E,1<<i,j<n, where
the weight on edge e;; is w;; » the DNA algorithm
based on reverse complement alignment for the
MST problem is given as follows:

(1) Let /=max{|log,n]|.6}. For each vertex
v; in G, use DNA strand r; of length / to encode it.

(2) For each edge ¢; in G, use DNA strands
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si; of length 2p =2 X max{w,; ./} to encode it,
where the first part of length [/ is the same as r;,
and the last part of length / is the same as r;. If
wy I,

alignments a, and @, ; otherwise, compute the re-
i j

then compute the reverse complement

verse complement alignments a,  and «a;

“ij1 “ij.2
(3) For any two adjacent edges ¢;; and ¢, , use
DNA strand 5, =Lower(a,  [a, )+Lower(a, |
ijok Wi o J Wik 1
a, ) as an additional code, where ‘a|b’ denotes ei-
J

ther a or 6. If w; >0, then select @, . otherwise

ij .2

select a, ; if w; >1, then select a, , otherwise
j w

ko1
select a, .
J
and s

(4) Merge: DNA strands s a0
mixed together in a single ligation reaction. Based

i are

on the principle of Watson-Crick complementary

bases, randomly form various DNA double
strands.

(5) Denature;: DNA double strands are changed
into DNA strands by heating.

(6) —(N,saM ): discard all the DNA strands
with additional codes. Note that, all the upper
strands in the DNA encoding method do exclude
additional codes.

(7) +(N,r;): For each vertex v;(1<<i<<n),
keep all the DNA strands with recognition code r;.

(8) Separate the DNA strands with the mini-
mum weight through gel electrophoresis.

(9) Determine the nucleotide sequence of the
DNA strand with the minimum weight. The se-
quence corresponds to an Euler cycle of the graph,

and a MST can be obtained from the Euler cycle.

6 DNA Computing Method Based on
Polynomial Transformation for VCP

For an undirected graph G=(V,E) and a pos-
itive integer p, a vertex subset V' < V is called a
vertex cover if each edge in E is incident to at least
one vertex in V'. The vertex cover problem (VCP)
is to find a vertex cover V' of size p in an undirect-
ed graph G. This section presents a hybrid-based
DNA solution to the vertex cover problem through
designing an improved polynomial transformation
from the vertex cover problem to the Hamiltonian
circle problem (HCP).

6.1 Concepts of Improved Cover Subgraph and Se-
lection Vertex
Definition 7.

undirected graph G=(V,E), a newly constructed

For any edge ¢; = (v;,v;) in an

subgraph shown in Fig.5 is called the improved

cover subgraph of ¢,/

(v, e,1) (v,e,2)

(v,,e,1) (v,,e€,2)

Fig.5 The improved cover subgraph of edge ¢; = (v; , v;)

The improved cover subgraph of edge ¢, = (v, ,
v,) has 4 vertices and 4 edges. Each vertex in it is
marked with (v, ,e;,2) or (vse;,2), 1<<x=<<2. The
set of vertices in the improved cover subgraph of ¢,
is marked with V, = {(v;se;, 1), (vive;52) 5 (v e,
1)y (vpse;s2) 4, and the set of edges in it is marked
with E, = {{((vise;s 15 (v;5 652005 ((vpse5 1) s
(vpsejs2)) s {(uise;s 1)y Copsejs 1)), ((vhe52),
(vpse;s2)) ).

Definition 8.

(V,E) and a positive integer p, the vertices in a

For an undirected graph G =

subset V' of size p are called the selection verti-
ces™ if the subset V' is a vertex cover.
6.2 Polynomial Transformation from VCP to HCP

For an undirected graph G =(V,E), v, €V,
e, €E, 1<<i<<n, 1<<j<{m, and a positive integer
p» the polynomial transformation from the vertex
cover problem to the Hamiltonian circle problem is
devised as follows.

(1) Construct the improved cover subgraphs:
For each edge ¢; = (v;, v, ), the improved cover
subgraph of ¢; is constructed, as shown in Fig. 5.

(2) Link the improved cover subgraphs of ed-
ges in G to form | V| subpaths; Let deg(w;) denote
the degree of vertex wv;, and el s €ola] sttt
€4 [deg (0] denote the edges incident to v;. The im-
proved cover subgraphs of ColiT s €ula] s " s €y g ()]
are linked by edge set E, = {{(v;se,1;152), (v,
et 1)) |1<<j<deg(w;)} to form one subpath,
as shown in Fig. 6. For any undirected graph G =
(V,E), the number of subpaths is |V|, which in-
clude all the improved cover subgraphs.

(v,e01) (v, e 2) (v, 1) (v, e.0,2) (Vs €, 1) (Ups € s 2)

(v,, €, 1) (v, €, 2) (v, €, 1) (v, €, 2) (v, €, tdegtup]> 1) (v, €, et 2)

Fig. 6 The connections between the improved cover subgraphs of the edges incident to v;
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(3) Link p selection vertices to all the sub-

paths: Let a;,a,. s a, denote p selection verti-

ces. Link each selection vertex a; to the start point
(vive,r17.1) and the end point (v, e, a7 2) of
each subpath by edge set E“, ={{a;» (vise, 115100,
Cajs (Ui sy facoy1+2)) [ 1=j<<p, 1=<i=n}. The ob-
tained graph is marked with G'=(V',E"), where

V=t U vy Ut tan) = UE U

"
{UE, UL U E, )
16\ j=1~p 7

For an undirected graph G = (V, E) with n
vertices and an integer p<<n, the time complexity
of the above transformation is analyzed as follows:
|E|<n(n—1)/2=0@*), |V |=p+4|E|<p+
dn(n—1)/2=0*). |E' | =4|E|+>) (deg(v,)—

UI.GV
DA2p|VI=4lE|+QIE| =V +2p|V]=
6IE|+CQ2p—D |V]=0").
tion can be completed in a polynomial time.

Take the graph G = (V, E) shown in Fig. 7
The

are

So the transforma-

and the positive integer p =2 as an example.

improved cover subgraphs of e, .e,,e5,¢,, ¢;
first constructed, and then they are linked by edge
set E, = {{(vise,;152), (uise, 1)) [ 1<
deg(v;)} to form 4 subpaths. For vertex v;, the
improved cover subgraphs of ¢, ,e; ,e, are linked to-
gether to form one subpath by edges ((v,,¢,,2),
(vy,e5,1)) and ((v;,e5,2), (v ,e,.1) )5

v, » the improved cover subgraphs of e; and e, are

for vertex

linked together to form one subpath by edge ((wv,,
e ,2), (vy,e,,1)), and so on. And then, all the
subpaths are linked with selection vertices by edges
E, ={{a;s (vive,ri1: 1)) (ays (vivey a1 2)) |
1<]<p 1<<i<<n}, thatis, {{ai, (vise;51)),¢a;,
(vrse;52))5Cars (ugsers 1))y Cars Cugsess2)), e,
{ays (vysess 1)), Cass (visess 1)) ). The obtained
graph G'=(V’,E") is shown in Fig. 8.

Fig. 7 A weighted and undirected graph G=(V, E)

It can be proved that for any undirected graph
G =(V,E) and a positive integer p, the graph G
has a vertex cover V' of size p if and only if G'=
(V',E") obtained from the improved polynomial
where

(U (e B ={UE U

transformation has a Hamiltonian circle,

=tUvoucy,
(UESU U E ).

the reference [18].

For the details, please see

a

(v,e,1) (v,e,2) (v,e,l) (v,e,2) (v,e,1) (v,e,2)

(v,,e,1) (v,e,2 (v, e, 1) (vg,e,2)| |(v,e,1) (v,e,2)

(0, €y, 1) (0,0, 2 (v, e, 1) (v, e, 2)

(v,,e,,1) (v,e,2)| (v,e,1) (v,e,2)

a,

Fig. 8 The connections between the improved cover

subgraphs of the edges in graph G

6.3 DNA Encoding Method Based on Polynomial
Transformation

For an undirected graph G=(V,E) and a pos-
itive integer p, the DNA encoding method based
on the improved polynomial transformation for the
vertex cover problem is given as follows:

(1) For each edge ¢; = (v, .v,) in G, construct
For all the ed-
ges incident to v;, the improved cover subgraphs

the improved cover subgraph of ¢;.

are linked together to form one subpath by edge set
E, = {((use,;+2)s (oiyenn. 1) [ 1 =)<
deg(v;)}. The number of the subpaths is |V |,
which include all the improved cover subgraphs of
the edges in G. Link p selection vertices to the
start and end points of each subpath by edge set
E, = {{ajs Cojve,rina 1))y Cajs (uiseg g1 20 |
1<]<p , 1<z<n }. The obtained graph is marked

with G = (V', E", where V' = { U V. ) U

(U e E=(UEUCUE UL U E, ).

(2) For each vertex v; in G', use DNA stand s;
Here, select [=20.
(3) For each edge ¢; = (v;,v,) in G', use the

of length / to encode it.

DNA strands s,, = —h(s’s;) to encode it.
6.4 DNA Algorithm Based on Polynomial Trans-
formation

For an undirected graph G=(V,E) and a pos-
itive integer p, the DNA algorithm based on the
polynomial transformation for the vertex cover
problem is given as follows.

(1) Convert G = (V,E) to G = (V', E")

through the improved polynomial transformation,

whereV/:{kgEVe,}U{ U {a}} :{L’LGJEEKI}U

j=1~p
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. N
For each vertex v, in G ,
j=1~p

tUE UL U E ).
us’e DNA strand s; of length /=20 to encode it. For
each edge ¢; = (v;,v,) in G', use the DNA strand
Sy = —h(s?sy) to encode it.

(2) Merge: DNA strands s; and s;; are mixed
together in a single ligation reaction. Based on the
principle of Watson-Crick complementary bases,
randomly form various DNA double strands.

(3) Denature: DNA double strands are changed
into DNA strands by heating.

(4) (N,<<20Xn"): keep all the DNA mole-
cules whose length are less than or equal to 20 X
n’, where n’ is the number of vertices in G'.

(5) +(N,s;): For each vertex v, in G', keep
all the DNA molecules with s;.

(6) Detect; If any DNA molecule remains,
say “Yes”; otherwise say “No”. If the answer is
“Yes”, then separate the DNA molecules obtained
in step 5 through agarose gel electrophoresis, and
the furthest DNA molecules are just what we
want. Sequencing the furthest DNA molecule to
determinate its nucleotide sequence, which corre-
sponds to the optimal solution.

6.5 Comparison with Previous Methods
For any instance of the vertex cover problem,

19201 are based on

the previous DNA algorithms
sticker model, and the proposed DNA algorithm is
based on hybrid system. Firstly, a polynomial
transformation is devised to convert any instance of
the vertex cover problem to that of the Hamiltoni-
an circle problem. And then give a DNA encoding
method and DNA algorithm based on hybridization
for the vertex cover problem. The operations used
in the method are implemented more easily than
that in the previous methods. Compared with the
previous polynomial transformation™®, the im-
proved cover subgraph has 4 vertices and 4 edges
instead of 12 vertices and 14 edges. Thus, the
number of vertices in the obtained graph G’ is re-
duced to p+4|E| from p+12|E|, and the number
of edges is reduced to 6 |E |+ (2p—1) |V | from
16 |E[+2p—D|V].

7 Conclusion

This paper discusses DNA computing methods
of optimization problems on weighted graph. The
proposed DNA encoding method based on relative
length graph for the traveling salesman problem
can directly deal with weights of real numbers and
integers, and can distinguish the paths with almost
equal weights. The obtained solution is not pro-

portional to the length of DNA strand, so it can
encode weights of broad range. The designed DNA
encoding method based on general line graph for
the Chinese postman problem uses two DNA
stands of different lengths to encode each vertex.
This makes the codes of weights on edges are dealt
with by the method similar to the codes of verti-
ces, so the weights on edges are dealt with more
easily than in the formers. The presented DNA en-
coding method based on reverse complement align-
ment for the minimum spanning tree problem se-
lects the additional codes by computing the reverse
complement alignment of the first and last parts of
edge codes, and finds the minimum spanning tree
by getting an Euler circle of the given instance.
The proposed DNA encoding method based on pol-
ynomial transformation for the vertex cover prob-
lem is an improvement on the previous method.
The number of vertices and edges in the improved
cover subgraph is decreased, and so the space com-
plexity is reduced.
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