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A Fast Algorithm of Quadratic Knapsack Problem
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? (National Key Laboratory of Software Engineering , Wuhan University s Wuhan 430072)

Abstract  The cause that the computational efficiency of the fast algorithm for quadratic knap-
sack problems (QKP) decreases with the density of positive profits, has been theoretically ana-
lyzed. A profit swindling-based fast algorithm which is not subject to the density of positive prof-
its is specially proposed for QKP with non-positive profits. In the upper bound computing of the
linearized QKP, the fast algorithm symmetrically expands the domain of Lagrangian multipliers
by increasing all profits by an appropriate positive constant, so that the sub-gradient algorithm
can obtain an optimal Lagrangian multiplier matrix and the solution to the dual problem approach
the equality constrains of the linearized QKP. The improved estimation precision of the optimal
value further increases the reduction efficiency, and eventually decreases the branching depth of
the branch-and-bound algorithm. Computational results show that this profit swindling-based fast
algorithm greatly exceeds the exact QKP algorithm in overall efficiency, without exactness reduc-

tion.
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Background

Assume we have a set of n items N={1,2,:,n} and a
positive integer knapsack capacity ¢, the ithitem has a posi-
tive integer weight w;, and a nonnegative integer profit ma-
trix P= (pij ) x, is given that pj; is a profit achieved when
item j is selected and, for j>1i, (p;+p;;) is the profit
achieved when both items i and j are selected. The 0 ~1

quadratic knapsack problem is try to select an item subset

SCN whose overall weight Ew; = x"w does not exceed the
ieS
knapsack capacity ¢, so that the overall profit z=x"Px is

T, =11 (€S, x;=
0 otherwise. For simplification, the 0~1 quadratic knapsack

problem is denoted as QKP thereafter. QKP has important

maximized, where x= (1,25, .2, )

applications in engineering location and hydrology, compiler
design, integrated circuit design, and graph theory. QKP is
a generalization of the Clique problem, which has immediate
graph-theoretic interpretation. Max Clique problem is the op-
timization formulation of the Clique problem. and generally
regarded as one of the hardest combinatorial optimization
problems. QKP is much harder than the knapsack problem,
it has the same properties as Max Clique problem, even with-
out an approximate polynomial algorithm.

QKP was first studied by Gallo, Hammer and Simeone,
who proposed exact algorithms where upper bounds are com-
puted using upper planes. The problem was not widely stud-
ied until a few years ago. but has recently attracted great in-
terest. Using a classical integer linear programming (ILP)
formulation of the problem, Billionnet and Calmels follow a
branch-and-cut approach to QKP. Hemlmberg, Rendl and
Weismantel consider a more general version of the problem
where the profit matrixPmay have negative entries, and pro-
posed a combined approach which uses cutting planes and
semidefinite programming, and allows for the computation of
very tight upper bounds. Lagrangian relaxation is a tool that

has been widely used in large-scale mathematical program-

ming applications and is the backbone of a number of large-
cscale applications. Lagrangian relaxation approaches for
QKP are described in literatures. Most recently, Caprara,
Pisinger and Toth proposed an approach using the branch-
and-bound algorithm with Lagrangian relaxation method to
compute the upper bounds, which can give an exact solution
to the QKPs without negative profits. By using a subgradient
optimization procedure, the suboptimal Lagrangian multipli-
ers can be derived to provide a convenient reformulation of
the problem. While Caprara, Pisinger and Toth’s exact algo-
rithm greatly exceeds all the algorithms proposed respectively
by Gallo, Chaillou, Michelon, Billionnet., the computational
results reveal that, the efficiency of Caprara’s approach de-
creases with the density of positive entries in P. For exam-
ple, when the density is 25% and 50% . by using worksta-
tion HP9000/735 and within the time limit (50,000 sec.),
this approach can compute the problem only to n=120 and
n=160, respectively; by contrast, when the density is 75%
and 100% , it can compute to =360 and n=400 respective-
ly. Caprara Pisinger and Toth, however, did not give any in-
terpretations.

In this paper, authors first give and prove an ultimate
reason for the density susceptibility of Caprara’s exact algo-
rithm, and then propose a profit swindling approach to over-
come it. Computational experiments show that the profit
swindling approach can eliminate the density susceptibility
and form as the backbone of a fast algorithm to solve QKPs.
The reduction efficiency is much improved and the branching
depth is greatly decreased, the profit swindling approach can
ecasily compute low density QKPs to n=400.
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