Hornk o i A Hl = i Vol. 27 No. 2
2004 4E 2 A CHINESE JOURNAL OF COMPUTERS Feb. 2004

HBEMENNESRELT X

ZHET KX REX

D (PG % 3858 R E B R B S RGEREWEHT P 710049)
D CHLIG P2 B s B2 e il 316004)

OB AMENETT AT TR, B — DR TOn R M R I R g M M E ST — XX Y
HUBE BB T R8T, 18 TORDRE RO 2 ST 7 AP BT, OF Bl & R 28 B0 — 0 50 G810 1 1518 B T 45 Fh 28 B Y M
REROM B AU TE A BAL T kb, A BR300 SCT MRS ORI (0035 77, 25 2 20 Bt RS A5 b3 48 1R 0TT DL o 45 i
ANTR) A 22 B BT 20 I B B T ARG A 2 B TT LA GRIE SR B AR R Y e A OGR4 R G ROl i b i M O i
E SCRAHEL R AR ST AL 5 1 e s T 2 3R AL RE SCHY I VR T

FKEEIA O HURESE RURE BRI LB T e &R R4
FEZESES TPIS

Characterizating Rough Fuzzy Sets in Constructive and Axiomatic Approaches
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Abstract  The theory of rough sets can be developed in at least two approaches: constructive and
axiomatic approaches, which are complementary to each other. The constructive approach is more
suitable for practical applications of rough sets, while the axiomatic approach is appropriate for
studying the structures of rough set algebra. In this paper, the constructive and axiomatic ap-
proaches in the study of rough fuzzy set are presented. In the constructive approach, one starts
from a binary crisp relation and defines a pair of lower and upper rough fuzzy approximation oper-
ators. Different classes of rough fuzzy set algebra are obtained from different types of binary crisp
relations. In the axiomatic approach, one defines a pair of dual rough fuzzy approximation opera-
tors and states that axioms must be satisfied by the operators. Various classes of rough fuzzy al-
gebra are characterized by different sets of axioms. Axioms of rough fuzzy approximation opera-
tors guarantee the existence of certain types of binary crisp relations producing the same rough

fuzzy operators.
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MU B W ) —AZn G MR, Ve UGB R ()=
{(yEW (2, ER} R (OFFN 2 KT HRERR WG4k
LRIk, AV 2€ U R ()=, FK R M H AT Y (seri-
aD. 7 U=W, # RCUXU AU LH—4 "%
HMXR WNTU LM 8 MELAR, HY €U H
2ER, (2) KR R AN (reflexive) ;77 VY (x,y) €
UXU,yER (DZW 2 ER, (y) KK R R EXTHI
(symmetric) ;5 Y 2.y, 2 €U, yER ()5 2 ER, (y)
HMzER, () KR R JEAL M (transitive) ; 5
Va,ysz€U,yER (DM zER () ZEM zER, (),
FREFR R JENKIL RS (Euclidean).
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REF(A)(x) = 1&R (o) S A,
RF(x) = 1&R (x) N A # .
BORLRE O] I U5 72 — BOC R R &)™ SRR
T B 5 —Jr i, G MOC R 0T LU U FRIR
AR DG 2, R FRATT I8 SCAT A L (7 SO LB 5
BRSO BORPHLRE 4 19 45 R 5K
P RER HEL R 4 9 P o RT LA 2 LA E B
EE1 WRENUIW ER—Dogil
KA WPHLBE BT U5 T RE SRF W 2 YERT. VA,
BEFW),Ya€,
(RFL1) RE(A) =~ RF (~ A),
(RFL2) RF (AVa)= RF(A) Va.
(RFL3) RF (AANB)= RF(A) NRF (B);
(RFUD) RF(A) =~ RF (~ A),
(RFU2) RF (A\e)= RF(A) M\a.

(RFU3) RF (AV B)= RF(A) VRF (B).

PEBT(RFLD) 5 (RFULD) FR A X 24 BT . A7 B
FRAT AR [5) 807 s 5 19 — b B R 4 4 o . R
(RFL1)~ (RFL3) 5 (RFL1) ~ (RFL3) #f 42 Ji 57.
(eI A2 S LA 1 I

(RFL4)A © B= RF(A) C RF (B),

(RFL5) RF (AV B)2 RF(A) VRF (B);

(RFU4)A € B= RF(A) C RF (B),

(RFU5) RF (AAB)Z RF(A) ARF (B).

WA (RFL2) 5 (RFU2) 4 & DL F MR
(RFL2)" 5 (RFU2)":
(RFL2)'RF(W) = U, (RFU2)' RF(J)= .

EE2. ERENUBEW E—4 "oz
KR R JEEATH Y HALY A 22— WOT

(RFLO) RF (@) = asVa € I,

(RFU0) ﬁ(g)z as YaeE I,

(RFLO)'RF (&)= .,

(RFU0)' RE(W) = U,

(RFLU) RF(A) C RF(A), YA € F(W).

IEB. ESCHE 1 XA AT AN (RFLO) &
(RFU0), (RFL0) & (RFU0)’. H: ¥k, (RFL0) =
(RFLO)" A & R, #F (RFLO)" B 57, M £ P i
(RFL2) HHL A= RIS BT (RFLO). 75— J7 i,
ZMKERE W FRR BRI O R L i STk 11 ] 1Y
ERL 3.8 M R EFFITHSRF(W)=USRF (J) =
FSRF(A)SRF(A), VYA€ FW). Wi a2 # 15
k. UEEE,

EHE3 WREU LW Jo&m R N

(DR EHRKF

S (RFLORF(A)CA,VAEFWU),

& (RFU6)ACRF(A), YA€ FU).

(2)R REXFR KR

& (RFL7)ACRF (RF(A)),YAEFU),

& (RFUTDRF(RF(A))CTA, YA€ FWU),

S(RFL7)'RE (1y- 1, ) (y) =RFE(1y—,,) (2),
V (x,y) €UXU,

S(RFUT)'RF (1,) () =RF(1,)(x), Y (x,y) €
U XU.

(3R ALK FR

&(RFL8)RF(A)SRF (RF) (A, Y A€ F(U),

S(RFUSRF (RF) (A)ZRF(A), Y A€ FU).

(OR ZERJLEM LR

S(RFLO)RF(RF(A))ZRF(A), Y A€ F(U),

S (RFU9RF(A)SRF(RF(A)) . Y A€ F(U).

Forpr 1, 28R B SR (o) HRRAIE R R

T, (1) FORLRE AR A L5 7 Y X 1 0
(RFL6) 5 (RFU6) & 24/ 1.

“<"ELAE P M H T 1T R SCERE3 T R E
B 3.5 HIAE.

“=>" R B BUE— R BB ¢ & L) S
mRC12 ]y 3 2. 3 BPAS.

(2) B HLDBE B I U3 I X PR TN (RFLT) 5
(RFU7) ,(RFL7)' 5 (RFUD) 43 B R 1. BL A€
PU) U SCHRC3 5 g 2 B 3. 7 0

(RFL7)=R X FRI1.
RZ A5 R FEXSFROCF, FATRIUE (RFLT) 17 (H
FOEE) . AR AFEAE A FAU) M o, €U
A(xy) > RF(RF(A))(x,) = AV A2).

YER (=€ R (3

FRATE yo €R (2 fliX THEE 2R (y) A
Ax)>A (). BT R EX R, WL H y €
R () A3 20 € R, (yo) JXFEFEA Alx)) >A(x))
FJE NI R 0% FRPE AT #EAG (RFL7) BT

J—J7H L R B BUR — D RER R OC R
My SCERC12 b e 3 2. 4 W] 75

R EXFRHY & (RFL7) & (RFUT)’.

(3) R RE B0 0 (L33 AR X (S 1 11 (RFLS) 5
(RFUS) J& 55 1.
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(4) HRLRE RO 0 (U 53F F XF (1 1 (RFLO) 5
(RFU9) J& 554 1.

“<"HAE PU) U SCER3 TP E B 3.8
HIEES

“=7 HIE

R 2BILE X R = (RFUY JHRIEE).

#1 (REUD A BT WAFAE A€ FAUO) Rl 2, €U f

RF (A) (xy) > RE (RF(A)) (x)

il

vV Ay > A A(2).

YER (x) YER (z)z€R ()

MTTAFTE yo € R, (x0) AFAE 20 € R, (o) XS TAE &
2€R z)H Aly)>A(). HH T R JZEEJLHE &
ZLNMH v ER ()5 % €R (2) 15 v, ER, (29) s
FEEAE A () > A Cyo) BT JE 4518, () 12
jiE. UEEE,
3 EMEFHNLIEBENKZIE

e RLRE AR 45 (14 23 BEAG 20 1 v, AR R 2 R G
(FU) ., FOW), A\ o~ L. H) ,JHH L H. F(W)—
FU)je— o AT 1. T HEIRATE 45 FhoRLRS £
T ABL B 11 e /N B 2 T

EX2 WL.HFW—>FUEMMNES
B REMINEAEF A YAEFW),

(rflDL(A) =~ H(~ A),
(rful) H(A) =~ L(~ A).

H T LA A AR PE TR AT R )L i — A
B0 o — A A LR XS A B m A T H S,
WALt L=~H(~)#%] L.

EE 4, WL.H.FOW)—>FWU)ZEXHHE T
WAAEMNU B W _ER—Ioa e R R 5% T
BAEFWH

L(A) = RF(A), H(A) = RF(A),
MHALY L EAB(efD , (ef12), (ef13) , 505 4
H R A (rfuw), (rfu2), (rfu3): YA.BE F(W),
Va1,

(iDL (1ly )€ P, Vy e W,
(rffwH(,) € P(U),Vy€E W;
(rfl)L(AVa)= L(A) Va,
(rfuZ)H(A/\g): H(A)/\g;
(rfl3mYL(ANB)= L(A)ANL(B),
(rfud) H(AV B)= H(A)V H(B).

IE. =7 H R ORI U A
SC1FIE 1 RRAS.

“<=73 H R AT (efw) , (rfu2) s (efud) , 2
HfwIFFH H.&RATE XN U B W L =ocs
HERR W,

(x,y) € R&eH( ) (x) =1, (x,y) € UXW.
iTES
y € R ()&HA) (2) =1,
v & R (x)&H(,)(x) = 0.
MFEE ACFW) , EEE
A=V (1, NAG).

yew
(rfud) 5
RE(A)(x) = V A(y) =V [HA ) ) ANAGY) |
YER () yEW

=V LHA) NAW) | (o= V [H 1, NAG)] (o)
= HCV (1L, AAW)) (o) = HA) ().

M €U MAEEMS H(A)=RF(A).

XS (P AT A5 L(A) =RF(A).

A B 4 0, A BAE (efD, (eflD) , (ef12), (£f13)
BN HFRAE (rfw) , (rful), (rfu2) s (rfu3) 2 2 im X% 4
FEURE B 3T AR5 1) e /N BRAE ol LT A5 DR R
B A AR AR 2

EX 3. & LHFW)—>FU)J&—XF X E F.
LR ABECD , (f12) 5 (13 8% M b H 2
ISBRAE (rfw) , (rfu2) 5 (rfu3) U R 48 (F (W), F(UD,
ANV~ L. EDFN BB ENRELL 5 H 575
BN TF | b KRS A 3 L5 T

E 2. AR MRS BRI L T R T

(rflhHA € B=L(A) < L(B),
(rful)A € B=>H(A) C H(B);
(rfl5) L(AV B)D L(A)VL(B),
(rfus) H(ANB)Y)S H(A) NH(B),
HA
H(J)= JSLW) =U.

EFES WL, H.FW)>FWU)&—X X
R R RS A5 AT L5 B L W A B (efD) L (rf12)
(rfl3) , SAE M b H W 2 A B (rfw) s (rfu2) , (rfud).
MAEENU B W ERRITRMERR
L(A) = RF(A),H(A) = RF(A),YA € F(W),
ALY L R A B Cefl0) 302 . H OBl R S B
(rfu0) .

(rflO)L(g): as YaeEe I,
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(rqu)H(g)Z as Vo€ L

ERR. @ H 4 FERE 2 A

3.0 @R 2 5, AB(ef0), (rfu0) 7] LA gk
LR Z— 1A B .

(flO'L(PH= I,
(rfu0) H(W) =U,
(rflt) L(A) € H(A), VA € F(W).

AR ERATRLRE ASOR T B CEI Wl e B 5 1Y
PRSI U, AR WD W R PR (LN Y5815
I 6 548 iR e AT B A2 g At Tie B, R D .

LLA € LHA € HHA,YA € F(W),
LLA € HLA € HHA,VA € F(W).

EIE 6. WL,H.FU)—>FWU)RE—X XY
FRE B U . MAFAAE U A REMKER R
fi

L(A) = RF(A).H(A) = RF(A),YA € F(D
MHALY Lo R A B Cefl6) 3025 4 s H O3 2 2 B
(rfub) ;

(rfl) LA C A, VA € F(U),
(rfu6)A Z HA.Y A € FU).

ERR. 4 e B 3 (D) RIAS.

E 4 AR A BORDRE ORI {5 1 2 M
LLA C LA CAC HA € HHA,YA € FWU),
LLA Z LA € LHA < HHA.YA € FU),
LLA € HLA € HA < HHA.,V A € FU).

FHE7. WL.H.FU—>FWU) XX
FERE BOME U MIAFAE U X ARE I E R R
fii

L(A) = RF(A),H(A) = RF(A),YA € FU)
MHALY LR A ef17) B S b H O A B
(rfu?) .

(tflHDA S LHA, YA € FU),
(rfulHLA C A, VA € FU).

ERR. e H 4 e B 2 19 (2) REAE.

S, mEHE 3 X FORDRE SR T LS T T
LA M g LA A B 2 — T 221 i

(rfl7D)'L (o) (@) = L (1) ()
Vix.y) € UXU,
(rfu?) ' H(1) () = H(1,) (),
YV (z,y) € UXU.

FE 6. PSSR 1T AT AT, X TR R RS 5
T X BRE AN BE A B (rf17) 5 (rfu?) T %
L 7 SRR A B (of17)" 5 (efu?)/ R Z i, FH 5 1
FEBR /DN B (rfD) 5 (efw) B 54 (ef12) 5 (of13) , 5

/ O\

(rfu2), (rfud) WA B (D5 (fuD 2 T (D5
(rfw), BIA LI 2 #.

EHES WL.H.FU)—>FWU)&E—X*HHE
T H LR A (ef12), (ofl3), s E M H 2
IS FR (rfu2) , (rfu3) ,
HLACA,YAEFWU)=H(,)€PWU), Y yeU.

IE. EEBVAeFUA

A=V [LAAWDW].
AT H 25 B (rfu2) A Crfu3) AT 75

HA = V. |HA ) NAG . (D
yelU I
W L5 H A 5
LA= A |(1—H1,)) VA | (2)

yeuU

VeeU, % A=1,_ ., W HX2)H
LA= A [ (1—H))VAW ]|

yeu

= A LA=HA) V1w (]

=1—H(~A)=1—H(.),
M HRRF (D 75
HLA = V. | HOAHDA1—HO) (.
yeU -
TR &S
HLA ()= V. |H( ) ) A (1—H) ()]
yeuU

§A(1) = ILL(Z\/ (1)’ vl e U.
1 EAH I o=, WG
V [HAD A1 —HA)G)) | =o.

yeuU
X 1k 1
H)OANA—=HA)())=0,VY (y,2) EUXU
(3
W FH H(,) () =083#F H() (y)=1. 17
H) ()0, H(1) (y)=1,Hz3) %1
H)D)(G) A (1—H(1)(x))=0.
Wik H(1,) (2)=1.
XEERATUE T TAEE (v,.2) EUXU, 8 &
H() () =08#& H(1,) (=10 H,) e PW).
HEHE,
7. EH 8 KWL AR (el (f12), (+f13),
(ef17) B A FRAE (rful) s (efu2) , (rfu3), (rfu?)
2 220 ) Xof R REL A A 30T ARG 1) e /NS B
A LSS IE L X B R At AR 30 B 55 340 6 L 1 O
LA = LHLA,HA = HLHA,Y A € FU),
HA € B&A C LB.YA.B € FU).
9., WL,H.FU)—>FWU)RE—X XY
FLRE SR AU 7 WA U FE s &M X R R
fifi
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L(A) = RF(A),H(A) = RF(A),YA € FU)
MHALY L R A (rf18) , 525 1 H B 2 B
(rfu8):

(rflI9) LA C LLA.Y A € FU),
(rfu) HHA € HA,V A € FU).

. HEB 4 FEH 2 ) ENTS.
E 8. AT LUSGHIE A% o KRS AROR ST 1D 5RO ik
/@.U\_F"ﬁﬁﬁ

LA € B=>LA C LB, A,B € FU),
A C HB=HA C HB,A.,B € FU).
FE10. #L,H.FWU)—>FWU)&E—X X
A R R AR 3 (UBE F- WA AE U B RROL B A5 248
KRR H
L(A) = RF(A),H(A) = RF(A),YA € F(U)
MHAY L A (ef19) , BUSEM H H G R B
(rfu9) .
(rflOHLA C LA,V A € FU),
(rfu)) HA € LHA,VY A € FU).

W, HEHE 4 FEHE 2 @ EE.
9. TTLABRIF, BRJL H A MRS BRI T L B 7

A LR PR
AC LB=>HA C LB.A,B € F(D),
HA < B=HA < HB.A,B € F(U),
HLA < LLA.HHA € LHA,A.B € F(U).

4 LZFRiE

Fay T P T 9 RS BRA T 35 S W TR £ 45 4 1Y
PP 327 05 OB A S BT 5T A4 S 00 A R AR
e I R Tk T A AR S I S L BT RS Y
7 AR T 7 56 B 81 7 ) o 22 ™ A HG R A A
S B2 T fRURE 4R i AREES KL AR TS L A B
T3 1T TR B LU AR 36 1 Dk B R R 4 ) AR
DARZ O BRAR T vk B di R A RT LA 20 3 B A%
FKIE WA T ST RFAE. 324 0 1k X2 O R T Y
2 MO S AR 5C 28 T A ROR R RE 52 A9 740 3 A2
BALZI WA T BRI S SOR . AR SO 22 i ok
Z T AR R 4SRR3R 1 R A i R T ik 2 AT T
FEIFX AT T B Z 0, 45 T A5 b 2 O R
I X 07 ) REL R A5 R0 ST AL B35 ) e /0N 2 BELARE 2 I 3
TR T 48 AR AR 3T DU 7 B0 2 TR 1 5, A P K
LT AU RL S £ -5 HLRE AR 4R 45 44 22 8] i I AR 5 22
. AR SCTARRE 2 22 SLAR R B SE B PR 4 A

JE RS TR B T Y ARG B 2 B AR 2 ) —
VoA e B #b 3T, R A 2 IR b i LA B 2
RIS A T HC RO R 02 B 2
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Background

This work is supported by a grant from the National
Natural Science Foundation of China. The project, entitled
“the rough set theory under random and fuzzy environment
and its application to knowledge acquisition”, is to study the
rough set theory under random and fuzzy environments, to
explore systematically various approaches to knowledge ac-
quisition in information systems under complex environment,
and to analyze the uncertainty of the acquired knowledge.
Such an overall objective will be realized through the follow-
ing specific goals:

1. To characterize the structure of rough approximation
operators and to construct multi-step approximation operator
systems under fuzzy and random environments.

2. To build the relationships between the rough sets
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with belief measure, plausible measure, possibility measure,
necessity measure, and fuzzy entropy.

3. To introduce new concepts of knowledge reduction,
and to study the relationships among the new concepts and
the existing concepts of knowledge reduction.

4. To build a model of knowledge system under the
fuzzy environment.

In recent years, the authors have been carrying out basic
research in rough set theory. They have also been involved in
the development and application of rough set models for data
mining and knowledge discovery.

This paper is to solve one part of the first specific goal of
the project, i. e. , to characterize the structure of rough fuzzy

approximation operators by axiomatic approach.
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