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Abstract Clustering a set of clients according to their distances to a selected set of opened
facilities is a frequently encountered task in theoretical computer science, where the following
trade-off needs to be considered: We want to connect each client to a nearby opened facility,
while only a limited number of facilities can be opened. In this paper we consider an extensively
studied problem that formalizes this task, called lower-bounded k-median. An instance (C,F,k,

7) of the problem consists of a set C of clients, a set F of facilities, and a positive integer k£, where
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the clients and facilities from C U F are in a metric space, and each f € F is associated with a
lower bound z(f) € (0, | C |]. A feasible solution (H ,s) to the instance is specified by a subset
H C F satisfying | H |<< # and a mapping 6:C — H satisfying | 6 ' (/) | = (f) for each f € H.
The cost of (H,0) is 2(6(78(6,0(6)) , where 8(c,o(c)) is the distance from ¢ too(c). The problem

aims to find a feasible solution with minimal cost. Designing algorithms for the lower-bounded k-
median problem remains a vibrant area of research owing to its significance in many fields related
to facility location and clustering, including transportation planning, network optimization, and
privacy-preserving computing. In this paper we study the lower-bounded %/ -median problem for
the case where the clients and facilities are in d -dimensional Euclidean space, under the
assumption that £ is small. This assumption is reasonable as the maximum number of opened
facilities is much smaller than the input size in most practical scenarios regarding the problem.
Given an instance of the problem with a total of n clients and facilities, it is easy to show that an

O® time, but we ask: What can be

optimal solution can be found by brute-force enumeration in n
done in fixed-parameter tractable time parameterized by £ (i. e. s 7%V h(k) time for a positive
function h )? Our algorithm starts with selecting a set of clients using D -sampling. Given a small
positive constant e, we prove that a set of O(ke*) clients selected with D -sampling ensures the
inclusion of clients proximate to the facilities opened in an optimal solution. By partitioning a set
of closed balls centered at these O(ke *) clients, we construct a small candidate set of opened
facilities. We demonstrate that enumerating this candidate set yields a (1 -+ e) -approximation
algorithm with running time exponential in £ and the dimensionality of the space. Combining this
algorithm with a dimensionality-reduction method that maps the clients and facilities to e ®" (logk +
loglogn) -dimensional Euclidean space, we give a (1 4 ¢) -approximation algorithm with running

time O(ndk + (ke )"

parameter tractable approximation guarantee for the problem is a ratio of 3 + e, and (1 4+ ¢) -

" 090 for the lower-bounded £ -median problem. The previous best fixed-

approximation algorithms with similar running time exist only in the case where the facilities can
be opened at any location of the space and are uniform in the associated lower bounds. Our
primary technical contribution, crucial for achieving the fixed-parameter tractable time (1 4 ¢) -
approximation algorithm, lies in a novel approach to reducing the solution search space. We
believe this approach holds potential applicability in other clustering problems and is of
independent interest.

Keywords fixed-parameter algorithms; approximation algorithms; facility location; k£ -median;
D-sampling
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Background

Lower-bounded k-median is a commonly encountered
problem in the field of theoretical computer science. An
instance of this problem involves a positive integer & along

with a set of clients and facilities in a metric space, where
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each facility is assigned with a positive lower bound. The
objective is to open at most k facilities and connect the clients
to the opened facilities. This connection needs to ensure that

the number of clients connected to each facility meets or
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exceeds the respective lower bound, while the total client-
connection cost is minimized. The lower-bounded k-median
problem finds applications in many different areas, including
transportation planning, network optimization, and privacy-
preserving computing. Thus, considerable attention has been
devoted to devising approximation algorithms for the
problem. The state-of-the-art approximation guarantees for
the problem are the ratios of 516 + ¢ obtained in polynomial
time and 3 + e obtained in fixed-parameter tractable time
(parameterized by £ ).

Considering only the clients and facilities located in
Euclidean spaces is a frequently used way for relaxing the
lower-bounded k-median problem. A series of (1 + &) -
approximation algorithms running in fixed-parameter
tractable time for the problem have been proposed in
Euclidean spaces. Unfortunately, these algorithms can yield

feasible solutions only to the continues instances, where the

facilities are uniform in the associated lower bounds and can

be opened at arbitrary locations of the spaces.

In this paper we focus on the case where the facility set
is finite and the associated lower bounds are non-uniform.
We show that for each facility opened in an optimal solution
to the considered instance, a set of O(ke *) clients selected
with D -sampling contains a client near it. Based on this
result, we reduce the solution search space and propose a
(1 +e) -approximation algorithm with running time O(ndk +
(ks 1 )/{‘57()(1)

where n denotes the number of the clients and facilities.

n%?) time in d-dimensional Euclidean space,

This work was supported by the National Natural
Science Foundation of China (Nos. 62202161, 62172446,
62376092), the National Key Research and Development
Plan of China (No. 2021YFC3300603), the Natural Science
Foundation of Hunan Province (No. 2023]J]40240), the
Scientific Research Fund of Hunan Provincial Education
Department ( No. 23B0597), and the Open Project of
Xiangjiang Laboratory (Nos. 22XJ02002, 22X]J03005).



