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Abstract  Runtime analysis of continuous evolutionary algorithms (EAs) is a challenging, hard
and hot topic in the theoretical foundation research of evolutionary computation, relatively few
theoretical results have been derived compared to the discrete EAs. In this paper, we introduce
the stopping time and martingale theory to establish an average gain model to estimate the upper
bound for the expected first hitting time of continuous EAs. We regard the first hitting time as a
stopping time, the proposed model is established on a non-negative stochastic process, and does
not depend on the specific realization of the algorithm. Roughly speaking, the average gain can
be considered to be the average one step size varying with the generation’s status. In the part of
theoretical framework, firstly, we use martingale’s property and the Lebesgue dominated

convergence theorem to prove a theoretical results on the upper bound of the first hitting time
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when the lower bound of the average gain is a constant, then, we consider the case that the lower
bound of the average gain depends on the z-th generation of population, and derive a tight upper
bound for the first hitting time of continuous EAs through integral computation. To demonstrate
how the theoretical framework is applied to analyzing the first hitting time of continuous EAs on
specific problem, we select two classical problems as case studies. We analyze (1) the expected
first hitting time of the non-elitist (1,1) ES with adaptive step-size solving the Sphere function
problem, and derive a closed-form expression of the first hitting time upper bound for 3-dimensional
case. We also discuss the relationship between the step size and the offspring size A to ensure the
convergence of EA; (2) the expected first hitting time of the (1+A)ES with uniform distribution
mutation operator on the 2-dimensional inclined plane, and derive a closed-form expression of the
time upper bound. The numerical experimental results show that the practical expected first
hitting time is not only lower than the theoretical upper bound but also very close, this means
that the proposed model can be used to obtain tight upper bounds for the expected first hitting
time of continuous EAs. Both the theoretical analysis and the numerical experimental results

show that our model can be effective for the precise runtime analysis of continuous evolutionary

algorithms.

Keywords

model; martingale; stopping time theory

1 5]

T

{52 (Evolutionary Algorithms, EAs) &
—RZ B R AR RS R A B 3 Y R
2. B A T A B AR A& 2R A 1) A A 1 H A
B4 B AR S L 2R L B BRS B 9T H 25 51 22 FH AT
ey,

A A Cruntime) 23 H7 & 245 A 75 76 342 # G
WFFE I P ) R B LR Y o 3153 0 ] 4347 1) H b i
ST B T B DR B A R AR B A R
BN E5e D0 i JT 5 1% 3 7 A PP A W . 8 it 1] ]
YR B IR AH 5 Y Bl AL 3k A 10 i A BR 25 R 1 I ] of Ay
LR T A R Y R IR AR L X R AR T A
I [] 23 B AN 5

TR B9 O W R AL S I (1+ D EA
KA FA B AF 45 40 58 VR 0 O A R R B T B
[T X S fifF 5T R T — S g R BCE O ik R
TH IR 3 7 6 7 Bt S 4] i B e 45 R Y AT,
(+DEA B35 R 73 87 © 2232 7 M 1] 5O A 7K
ORI BN i B B S B A S 2 10 Ak ) L
Oliveto %8 A4 HF T (1+ 1) EA 3R fift T8 55 78 3% [a) {5
) i 26 52 1) f 55 ) ]S Lehre 48 AN ¥ T 34
WE—f At 5[] Y LS SE ), X (1 + 1) EA

continuous evolutionary algorithm; runtime analysis; first hitting time; average gain

) HS AR T 20 #7. Zhou 48 ABHXT (1+ 1D EA
KA LR JUAS 25 D0 Ak 1) 0 1Y) B 26 50 i 4T T — &R
B 1) AR B 40 BT « S/ IV 5 A AR ] R | 22 b 3
R ) SR K e R DA R R K A
) BRI R

PEREE (1+ 1D EA IS BF 50 R 2E 2 AR 2 %y
D7 A T H B L G0 By R A SR BED 5l SiH R
FAEE A 1 WY S R AT R S R 4 4y BT (switch
analysis)" ' BT (B 43 B 09 O DO SR AR R
B, B He 28 A5] AR 431 (drift analysis)™*
L B TF B oAb B3 T 05 B 1) 23 B ) — T s A 0 1Y
$35. Jagerskiipper 4 5 /K 0] K55 40 M 5 B 0
MG EHHE T i+ DEA FEL MR
() T BE I [) 73X — ) 0, S 5 SO 1 30 R OR i [) 1Y)
UL kR RS 4 BT R4 A I R) Ctakeover
time) M & 45 & K, Chen 5 AN 6 T
FE T R Y U Ak B AR FORE ) R B i i (R AT
SRS S BT ) — S R AR 4 2 Ok T, Oliveto
ENBIHE T — A A4k 9 RS A A e B, AR
Bl (1+1)EA 7 Needle, OneMax D) J Maximum
Matching [a] 8 | /3152 0 ] F 7. Rowe % AWV 42
Y A AR {8 #% (variable drift) , BV % &5 F 5 24 A
R RS B LA SR A3 (1,0 EA £ OneMax [1]
B E TSR ) B X AR Sy 2 3 B E R A A~



626 it <A

Hl

2,
5

i 2019 4F

5logion. Witt!?? {fi F e 3£ I % 43 T (multiplicative
drift analysis) 83| T (1+ 1D EA 7E£ 7E sk |71y
TTEL IS ) ) BB B X BRI 9T FE 4y R OR T RS A
BT 2 Al SR B B R) 3 B b B R A ) TR L
BF e I B R 2 A — SO L AR A T
R A PR R R R AR ) B H el
S FEE A 58 AR 2. Droste™ 4287 7 (1+ 1) EA 1
i A Y OneMax BRE_E B9 3H5E I 8], 75 2] T 2 15
FCH[A] 52 4% B T A de R e 7 i 3. /e L LAl 1 . Qian
S RS T RS I T (B oA B0 B A S A Ak
RN R[5 R TP U 8 R = i 1 B T
Hh o SR AT LA Jb 5 PR A BV TR T MR A B A o
FR A1 A B i) 2

25 LTI B I 56 U Ak R B B 1) 43 B
14 A S A v T B O Ak T A O AR R 1
FE & 223 R A3 (0] BT 5 (] A i 0 i o vk
T I A i BsF (1 B - 35 75 () 3 2% L Jagerskiipper! ™7
15 PR IR 8 45 58 i o (11 ES # (1 -+ ES 3R
it BR R ) R R TR B AT TS T T 1Y
3BT, Agapie 55 NP IR R IR AT LS T
(A+DES BB #d BEA, 308 7 (1 + 1D ES 3K
fiff 2 2 AUAS P THT [ 80 A 1 S R IR R g A NP
R GAINE: VoW = B N IR R R R i
VL T IR T B TR AL, IR DL A BT T (1) ES £
A0 AR T[] A8 1) - 35 7 Tk ) (] AAERLS VR VRS
Ay M3 B SO A R S R ARAE IR L SR G TS
R M T 5 & M Fe 45 R AR L 0, 2 5%
SYHT I SEEUR & B A NS R T e 25 AR
DAL TH (1 + 1) EA FE 8K o8 22 ) & 19 7 29 11 5 B
). SR SCHRC31 ] BT $2 75 vk B Jm R PR » HO2 & X
B (1+ D EA KA R R B0 155 0 ) ax — Ho Ak
LR T AT A B 4 R (R B RIS
" AR T I BAR ZE ) B R L R T
(4 (ad hoc) . {1 15 12 A6 7Y 15 L1 (1 22 5] 2] 9 7 — ke
BRER S 1T — e A B I A | 3% ST R i TE
SR TR R DB b A M T — i
e K

A SCHY H B9AE TR SCHR 3148 i A58 7 st —
o PARAL I LAHE) A 22 B A3 B AL A T
] B4 38 PSS RY. SRy 1% T et A A5 TR AR S 1 B ik
] 53 B 4 ok AR SOBE AR R A 37 A — A 3E 7 B B
AAR(X,50=0,1,2, ) 2Z L, NI T 2K %
o1l H R i B A AR T G 5 A BRSOk B ik

I [) 00 A 457 ) . S SR B3 R 457 B B 45 45 ke ok
SR AN T i 2 T A B T Y AR N ] 5 Y e
o FESE B o BT At e SCRRE31 T8 it — 25, 3R A7)
FARRE& 0 J5 35 40 7 T2 (1) H 3d 2P K iy AR R 9
(1, D ES 3K fiff 2R oR 55 0] 81 o 53 0 (8] 535148 7 28
KAFAFP R LR 2 1 2C FR 5 (2) 27 3859 43 A 748 57
BFH QO ES SRR 2 200 40 1 a) 8 21
IR ). B(E R 4 R R W] A SO R 4 A 5 SE PR
M —2. 5A-+1DES f(1+2)ES 765k 5 £ 1)
N (e R T [0 B o N N 1 7 VTR £ o
AR SC B4 T 9 R fR AR LT DAAS 2 B Y st A B A
2 mEEREHFEEE
2.1 EZRFELEE
AN T A 2 % S R A R R B AL
AN — e M o B AR SR TE AR B R Ab
PR 3% S48 2R 5 [A) v (Y SR /AR TR) AL 25 0 48 R 25 ]
SCR'FKE f: S—> R, LATHAE 55 & Z 2 =
AR xS, 15 R B e /ME
f*éf(x*):r)(rleiglf(x).
™ SR ) Y A SR SR A ] L 1Y A5 TR A LA ] L
i n FE
ik BLEL
A+ B0 o
i < B R A Lk R S0 A e B ) o
L. BEHLHS A B — DRI EEFIRE P= (&) &, 06, )
2. WHILE(Z 1k £ Rl 2D
(1) il 33 28 SUR /B4 SN P oAy s — A~ FAL P =
(E1+&0 805
(2) jlst N PUP S P e o AR A — A
X FRE P s
3. it B R A Lk ) B I L A
W2 c KRR N Po=1{&.8, .. &) 1=
0,1,2,++. % f(P)2min{ f(x):xEP,} T # P,
(3 AR XX, = f(P) — £, 0 X, 0] % 40 3
TR EA 2 55 00 ff i S A AR I BE B E. B T
% JE ) 2 e /MU AR TR, AR (X R
TR L.
2.2 E#g5EmR
ARSI BT YR G2 TR (X2 1Y B O
AR A Bl L Hop X, > 0,0=0,1, -, @i b5
HE . X, AT LA FE (1+ 1D EA SR f# OneMax [a] 5



34 5T LA 3% 2 T I A Tk T T R ] AT 1 S 4 99 i 5 T 627

BEER ¢ AR 07 H3 O~ A A B 3 FAEEY EA F|
S5 P five 1 5 P e ) P S (L A5 5

MR AL BB % Q. FL P e — R
2506 {Y, ), Q. FoP) FRIFERLIE R, F =06(Y,,
Y, Y)CTF, t=0,1,-8 FI H KRB,
oM F AT TH Y, Y, Y BRI A 1,
BPE B i 20 ¢ ke E L. B FCRC-C
ﬁ,c"'-

TEMEARIE o R 0 1 I Tl ) B2 Y R 2ok
FEAF I R T B T R R 0 B i R A K. BAR R
P BUE— 5 BE AL A B B BE AL AR L 7E 0 R AT
— 2R — B 20 7 B A5 T 2 i e 20 0
SEAHL B 22 107 BT A7 00 00 AL A £ 6L 2 .

I A 1 R N S T SR T e D )
S RS RSN A e T R IPVRIREE N
W A5 T AR SR AR I 2% 300 B L T 1 U 0 TE A%
FHCF I B ST R ARREN LA WG & 2T
ST g R IE e L.

X 159, B F ot =00k FRYEH 81 1
o- BT B, FRBEALIE AR (S, ), WK TF{F .t =0} 5
(Y, o B e an RS, ) A F, o0 == 0 35 I 11 CRfY
AALRER) =0.1.2, . SZEF, LAHID . EC|S, )<
+oo, HXHEE t=0,1.2,-+ . E(S, . | F)<S,.

FE ST F L AT R ST 2.

TREASE N s G BF 9 T A5 Sk
18 JLF- 0 SR 5 AT SR & 3 Oy VA B 95 1 B AT 9 4
P20 0 4 B TR FRATAE B R | A8 T
YR 5 T A0 S 1 T 5 e ).

T AL B 1 T R D) 43 A s AT R
BT AL — UGB AT Y b R v 83 1 AR 3 e A fie e
o 110 32 AR VR B 33k A A2 T O ) e s st ) L AT LA
PR AR B AERERR I b L AR R BE AL I R G B 5
SR INE CTRFR O 5 2R A Sk I A] ) J2 — Rl i 3k 25 B0 Y
“BEBLES E] 7 — A B ALAR TR BUE AR A A
(18 B ML 3 28 3 AR 1 AT A 1 T 457 R ) I X
AR

EX 29 WY, AL R T 2
— AR PEALAS . A AT n=0,1,2,-,
BAT<n) EF,=6(Yo.Y s YD), WF T HLF
(Y, ), 2, F R,

&HNZU(XO ’Xl "”5X,,)771209T0:min{t2

0:X,=0). W48 Yn=0,(Ty<n)= U {T, =k} =

k=0

U(X, >0, X, >0, X, =0} € M, » & 3k i ]

To—MRTIX ), AR,

SIE 155, S, RRTAY, L B,
H T RRTAY, ), WA Fs

E(Sy|F)H=S, @b)

XD, E#S, b B bR AT SE B s [R] 2
WOR FEALAS B85 I T, 0 So RER PR R B 5.

5l 2. & sAT,=min{s,T,},s=0,1,2,-,
Ws A To MAE B ER s &R T{X ), AR
{5

. Y s EER, B AT =2A R . %
TARFATEEUES s A T, & — A58

Vm=0,{sNTo<m}={s<m}U{T,<m}.

DOYm=sAs=m}U{T,=m}=QUI{T, <
my=0€H,;

DB m<sAs<myU{T, <my=0U{T,<
mp={T,<m}€MH,.

MR G S 2, 45 1B ARIE. HERE.

3 EEmEE

V-S4 aR BRI T OCER (31 ], Hoh — 2P 1y
Ak 0. =E(X, — X, . [H) »t =0 i FR A2 3
. TP AR, T IR B AT AT

B L B{X ), D BEPLE Rl T
Bt =>0,.X, >0 E(T,) <<co, #Yt=>0,
EX,—X, .1 |H)=a>0, 0 E(TOIXO)S%.

L., EX Z=X,tta,t=0,1,2,,

EZ,  |H)=EX, ., +G+DalH)
=EX,—(X,—X,.)+G+DalH)
=X, —EX,— X, |H)+ G+ Da

AR TR (M 5D
<X,—at @+ Da
=X, tta=2,.

HEX 1, {Z, ), R —DRT X, ), 1 .
HRAEGIH 1 2, o1

E(Z 1, |1HO=E(Z 1, | X)) =Z,=X,.

T2

E(X yr, +GATDel X)) =
E(X 1, | X)) +aEGAT, [ X)) <X,.
BT sATo==T,. Xz, =01z ] 4 DUA% 2 1 i



628 it <A

Hl

i 2019 4F

2,
5

SuE WL 13
Xo=HmEX, 1, | X)) F+a imE(s A Ty | X

ZaE(To ‘Xo).

X
ﬁ%%%Euuxwgél JIF e,

EM 1 H53CERCe I e i 1 i Z5 i A ARz
Ab AR TR 2 Ab 7E AR SC a2 e R4 i S50 B gk
117 746 BB UE W L o H—

Ho L emkle b py e # 1 HE B s e s
T AR SO E B 1 SR R SO 2 B 2 A4k . a8 B 2
UL FE SRS E B AT

SEFL L P o S AR T X R o
WS 0,6 t=0,1,2, B —F T A REHEHN
TEZ—MTFREEE/N 2T TE XK TEE
B2y 1 T I | o VAN 1 | N 1 e T R Rl
DAk Hh R A AR 1 X 3% e R A SR L FRATTIER Y
R S X T e T BL i 1) B R IR AT R AE O T, =
min{t=>0.X,<e}. T EH 1. AER T T.00 &
S 3 o

B2 WX}, BB R AR
(=0, X,>0.4% h:[0,A]>R" N — B 1
ARERE. H Y X, >e >0 L E(X, — X, | H) >
h(CX ) RS T, T

dx

X()
E(Tleo)él-i—J (2)

< h(x

0,

4 g(a) =< =
I

(1) Y a>e, y<e i,

r<e

. - A

de+1, >

h(t)

Lot
<h(D)

(2) Y4 x>, y>e B,

g(x)—g(ly) :J

Ty
h(x)®

©

g(l)*g(y)fj D t=>

TRA

Y X, >e, X, <,
E(g(X)—g( X, ) |H)=>1.

2HY X, >e, X, >¢ I},
E(g(X)—g(X, ) H)

X, — X,

>E( h(X)

)

E(X,—X, >1.
h(X)( | HD

MG LA BT, Al 15824 X, >e>0 L E(g(X,) —
gX DIHH)Z1L FEER T.=min{s = 0: X, <e} =
min{t=>0.:g(X) =0} 2T BE X, >e. HEM 1,
GE

, "(Xo)
ECT. | X)=E(T*|g(X,)) <% :
_|_'X” ! d S EE
=1 JE hD t. ik 5

TEE B 2 i P RBE 55 0, R B (XD B X, Y
AR B SR o e =0,1,2, - EAY—3K
TR XA BT AR E AR TR TR B AL A E
H2 AT HEAT LR B 4591

it L X S RN R R
=044 X, =0 HAEFE 0<q=1.ffif§ E(X,— X, |

H)=gX, (X, >e=>0) it T, s
E(T. |x0><f1n( )+1 (3)

EEH. A h(x) =qx, TR h(@iﬁ%iﬁﬁ
e 2 g

.

o 1
—dx+1

e qx

"X 1
E(T,. | X, éJ dx 1*J
(T. [ X s x+

%m( i SESY

A T.=min{t =0.X,<e} Hy &2 T AL 5 148
B e~ I ARSI B B IS N )L - 2 A O B TE AR A O
PRI N S PSS 2 (SR

X R 0 8 A B kL PR P AR 2 A
W RIRE P, AR M IE TR BEPLIE R (P, ), - "]
NEVCIPS P s S I VA PR P A )
N IR R FEX AR A . P R 6 =
EX, =X, [ HO AT RfAE N 6 = E(X, — X, |
X0 A AT A0 S fRT A

XF T BAT By IRl R AL S SRR S
55 2 AR RIS L ) AR E B 1.2 e 1
EI’J EX, =X, 0 HOBMHNEX,— X 0 | XD AW

AR ST LLTR J2 AH B A 25 2R

EE U, BIX) RS AR
HRATBENL S 2. AR W ¢t = 0. X, =0, RE
E(THO<too. ZXEBEMN t =0, H E(X, — X, 1 |

Tt

X
X)=a>0,0 ECT, | X,) <=1,
a

I 2. B{X), L RS A A IR
RN AR SRR >0, X, >0, % h:[0,A]—



34 5T LA 3% 2 T I A Tk T T R ] AT 1 S 4 99 i 5 T 629

RYJE— /i 34, al BUeR B IR TE X, >e>0
Hﬂ[‘aﬁ E(X17X1 1 |X1)2h(X1)’|)—lqu‘ Tsﬁ E(Te‘

Xo>g1+J ’

X,
« h(x)

L. BHX )R T A R AR e
Y BERL L AL XA R ¢ = 0.8 X, =0. Wi R AFTE
0<<q=1.fi18 E(X,— X, 11 | X)) =¢X,(X,>e>0),
RS AN v

dx.

E(T5|X0)£l1n<&)+l.
q

€
FE T — 19 FAT TR 8 T BT 2 1 1) 5 3k 0 B O
LA (1L O ES 75 B o B 1) L 59358 10k 18] L &
(L2 ES FEAGUREF- 17 1] 14 1453 i 1]

4 E=BISH

4.1 (1,0)ES 73K oK £ /8] &% _E£ 19 F 15 85 1% Bt 18] 43 47
AN ERATHE LR R (1O ES: fE R — 4 1%
R, — ARG A 5= A AT R
S H 3 AR B /N S AR R ORAE SN TR — R AL
ARA A (ELAS T A 2 B ) SCARAN RO — & L TH Y
ARAMRE A, (1L, 0OES L T fliR anF.
B2, (1LOES.
B R A xo MRS K L
W R ARSI © IR
L WA x4 B =0
2. WHILE(Z -2 A0 A2
(1) FOR i=1 to A
y.=x Tl *u

(2) ENDFOR
(3)x,4.1= argmin f(x)
K€Ly, ey, )
(CORE A
(5)t<t+1
3. i th

HAT ) w S — Y2 o0 A 7E o HE RO BRI
BRI 1) 3, 4 2 2 K PR A8 S o BR Y 2 A2 AT

S ER AL £ o — D)2 B ME R R ME

S =/ 00,0,-,0)=0.
RV EC AR EIEA A x, €S.0=0.1,+,
RESCX, = f o) — 70 x PR A D oy
MiAE—A2F A8 0 Loy x BRI L. T
Vi) AT 4 25 L 20 1A S5 o R 1 O 5 i AR IR AN AR Y
WCRT o3 A 1) REULE T B RS B, R 1 BrR. 4

FOD=R*, f(y.)=rii=1,2, A FR N R
KRR £ (o) =R* Ay S (E 2k, H IR0 B Ok e 4
fife. B4Ry L /INEAR R A ST Bk B T A RR A R
I AR TF e [0, n 11HIE.

A

B1 28 ) B A

WIESZEH, =R —2[Rcosw+ 1%, T &
R*—#*=2[R cosw— 1. N TR L 1. T H

X,—X, \ o o
R*— |
V= Rzr :2aCOSU)*aZ 0
Hra=1/R.

PEAR Y A1 w S — A REALAZ B PO JEREAL
IR KT ME o FBEREE R AU T W
G1EEN

SIE 3. fAE o HOME SR R R B

sin" ‘x

pw(I)_B(l’nl) e 1o () (5)
27 2

Hot BCey o) ft 3% Beta . 1. () BRELS AW
AN TR

TG S AR TUA T A R — e AT
TEAR T IER > 5 8 n=3 1 IE.

WO TR xRV B AE o RE . b
JE— A BEHLAS B MR B R BT T RN

SIE 4. XTF 2=3.5%E X, =R* M EV
F14 ML 3 %L o A

1
P = 1 () )
4a “
b S, =[—2a—a* 2a—a'].
2 1
EH. T a=3 kR B[ 1) =2.60

sinx

Pa 5 B 3 133 p, ()= 5

. 1[(;,,@ (I).

V+a* ) ’

a

H V=2acosw—a* 15 w:arccos<



630 AN S /I N 2019 4¢
[¢ . . . e . AT
, FBROXFaRF.AIHBYa ="—.2=2
v+a* v+d’ At1
Py (V) =p, arccos( 5 ) . arccos( 5 ) , =1y
a a -
| | O B R KM (S ) € 0.1 3t
2acost—a’*<<v<2acos0—a’. Atl
BRI p 0= 1, o0 wHRER
2 T 15 JPV v *@ * ls, (v). w2 RS 1, F 2k
VIRINXE S, =[—2a—a*,2a—d" | L 1H5) E(TelXo)é(/hLl)_ln(&)—O—l. S
1A iF EE. A—1 e
3 Mz T S =1 = eee e N . A—1
*Eﬁ%:{f 29é(19A>ES iuﬁ,m xl(t 0,1, ) E}Eg%%ﬂn%ﬁi%&ﬁk l[:<A7+1>.m9

H¢9F$14¥4t¢wvi§i‘yg V.G =1,2,,2),
PRJG X = argmin SO0 By T —ARAGCAUA
2 2

2 R ;
MS‘/?"\]((.V/I):V:?VIZTJ’I)_\[U Vi(i:1929"'9

PRSI A E
3 e = ayrg:;mnyl Af(x) ,E%W$L ;‘T(I L
max{V,;:i=1,2. A} FFICH Vi s FME R JE 0
Bata .
5135 4 X, =R V. BHNE A% K
py (2)=2 cpy ()« P V=x} 15 () (D)
. Vi B9 A BRECH
PV, <z} =P{V, <z, ,V,<zx}
=PH{V=x},
i
oo (o=dV=T)
dr

=2+ py, ()« PP H{V=x}+1s (). L.
A T.=min{t=0.X,<e) , AT T #1414
T A T B A
EE3 Ha=4//X,=Q—D/Q+D.a=
2 B 3T TA T o

E<T5|xo>g(%)zln(%)+1 (8)

. ARIESIE 4.5, 0715
X17X1 1

E( <

X, )=E(V,| XD

(2)dx

ma

A—1

:JZ“*“"‘ o 1 .<1’+2a+a2> e

da

a* (9

MIAERE B (1, 1) ES BE 4% Wi S 3 BR ok £ A 5 10 i 19

AL s g (A1) In(0) 41
(1+2A)ES 72 & F 1 [8) & £ #9255 1% i 8
S

i &4 T Cinclined plane) [A] #5UJ& — AN FL A 1) 3%

Skl f . Agapie % ANWY 51 BT i BB IS A

B 7 38 59 43 A A8 T (14 1) ES A8 3% 0] 33

ol 1 o B T N N I A (K W o D

(IO ESTEIE. AN 1S /Y B br ek B0 — 480004

ST (inelined plane)t,

flar,sx) =z s (21 522) ES=[—a,a]X[0,a],a=>0.

TR, max f(x.x,)=a,Y v, =a B EF &

(xy o2 €S
KA.

2 fHid 1 ORI B B 2 O, 1 1Y 78
O T T2 AR R 2o TE 1) LA 45 BE A A

A,
ak

4.2

'Sl

=Y

—a O a

B2 AR TR

(1+DES MRE BT iR,

&% 3. (1+DES.

WA B

B - A

L WAL BERLAE R 1 AR = Coy vy o oee
2. AR S XA R A A

3.0 X LA AR R 1A R
o AR SR R U5 Ik 5 75 00 Ja] ) 2.
HR 2 M SHEFRMAL—0.5,0.5] L5

»x,) €ER";



3 ) e L4 ¢ 3 R A o 2 D 40 1 OF B4 631
SN TFACATAS = et = AN
A X FAAC A x= (s s oo s o) FIGREAN ) (D% =L i P —1
HaoG=1,2,n),% yi=x,+=z,z,~U[—0.5, 2
O~5]’21"“»Zn*ﬁ_’izﬂjyﬁiﬁiﬁ/l\tplm/\ﬁi y= 0, x<0
(ynyzy'“’y;,).ﬁﬁﬁ/l\ﬁixiﬁl RAR 5+ mﬂf, (i)/1 =0
EA L YA RS I W s A T (A N 2

Hh A AN o 18 0 S 4 5 ) T S [ e .

BE=(xl a) ESTR . t=0, 1, HEILKIE 1 2
AR X X, =a— f(&)=a—a) .08 g, =X 1, I>%

_ _tt1 t —
X,Jr]*l'z _Izst*0s1927"'

- MRS B A T

0, (1= 0,1,2, ) B 50
SIE 6. 5, (1=0,1,2, )07 [F] 53 4i . 43 A5 oA
BEF) =Py =z}H
0, x<0
1 A
(5>’ =0
F(x) = 1\* (10)
! (TJF*) s O<J(T<i
2
1, 2”>l
2/\%% Eélv-;;vv'v-;;AﬁjJJj‘] ['ft/\'ﬁiéé/g

FIG AR A AR EA AR S 2 A E N &, =
a2z, ~U[—0.5,0.5](k=1,2,-+, 1) HFHH
Moz, TR o TAUMRRIE 2 Aol

max Iy, <<,

N
Xy
1 k=1,2,"+,2
=

z ~t ~t t
max X, max I, , >,
k=1,2,+,2 E=1,2,,2

WG 9, ¢=0,1, =) By E L, W] 15

max . zkéo

0,
k=1,2,
7. .
max zk, 0<< max zk

k=1,2, k=1,2,

H B335 AR 8 R TR A — YR A g S Bl AL
ﬁ“% 2 (=1, 2""’A)%5755E_LF5$E‘J it 5, (1=0,

s ) JST ) 3 A H O A R F (o) =Py, =}

(DY +2<<0 W} . F(x)=0;

(2) 24 =0 0.

F(x)=P{y =x}=Pi{y, =0} =P{ max z,=0}

k=1,2
A

(4,

1
(3)2Y4 O<x§?|ﬁ‘:

:H]P){Z;,é()}

F(I):]P’{qrgx}:?{ max z,<x}

k=1,2,+,2
A
:H]P){Zﬁél
P=1

=(x+%f;

A5 {8 BEVEAE W) I A B DA D i L B & =
(x1,25)=10(0,0), JHCHT Xo=a, EBKEIE 2 H T?:EHUJ_F

2E i
EE 4. EARZEHIP, E AR T2
E(T€|XO)§1+M a1
i1+ (5)
. T =0,1,2,0
E(XX,— X, |X)=E(,|X)
J.MFu)
= A—1
:er A ) dx
3 1!
:JO (Z‘JF? A(IJF?) dxr—
71
Joz et g)
* 1 1 1\
J d<1+3>*Jo7’<”5>
B A 1 A+l % 1 p) L,
_A+1@472) O E(I+ ) 0
1 A
7A—1+(?)
20+1)
EUUX&§1+Jﬂ¥g£t%jdx
Afl‘f—(?)

2 1 —
0 A+ D(a s). JE .

A—1+(%)A

5 HEXRE

5.1 (1,2)ES K ##¥K iR £ 19 &

3 45T 3 4ENEIE NP B AR A S



632 it "

Hl

2,
5

i 2019 4F

AT 335 2. AT A SEEG Sk IR E B g5 L L LIk
111
NERVERNE:
Bf Xo=1; X F—A> A8k 2 78 3 4Epkpi ¥ iz
17 300 %5 FH Tu B i 50 e 4838 i 3k il (8] 5 %2

300

2T

Xﬁfﬁ@zfﬁrﬂﬁﬁﬁﬁ¥ﬁéﬁﬁﬁm

E%:lﬁlﬂfiﬂ%%e—o.ol;ﬁxo—L }Jﬂ:

fi TR 6 1 Mok T SEBRAG T B A W ECT, | X))

‘ ‘ At (X
Rt () (20 ) L
A—1 €
F1 (1L,VES EHEHZEMEMEIL EFROLR
—— +1\2 Xo
A ECT. | Xo) (fﬁ) ln<?>+1
3 8. 57 19. 42
5 6. 89 11. 36
15 4.13 7.01
25 3.27 6. 40
50 2.23 5.99

T 1AL L ECT, | X0 B A 3K T8
RLURE YA RIS I, P 25 Gk I [RDRE 9 /D 8
JIGIK — B G B D DR > e R ASE A A8 R IRE R4 &R
25 8] 1 SRA R SR B E AT TR B B A ) b 4R B
AR R 18] A H e B B (] b 55 SEPRsg
B 45 A 5.

Bl 3ERT AN 3.5.15,25.50 [ (1,)ES
RIS FE AT RAE (1L O ES JSos R P X 5
=1 REY A B,

1.4 - :
R —
——A=5
Lz o 2=15]
—8—1=25
w A =50

1.0§

o 0.81 \“
Host |\
041

0.2

0 1 2 3 4 5 6 78 9
AR K

B 3 (1,0)ES filesions

SCiik (26 132 F B /R #8455 8 A T (L +H O ES 3K
A BR o B8 ) R A I R L 3 R TR A 2 i HLH
YE T TR SR M 2R FR AT AR 1 S R

EOW L T LT A B4R B B
5.2 (1+)ES KREMHASF & &

SIS BEE IR e=0.01; 8 & = (2} 2)) =
(0,0)sa=10, i X, =10; X 5 — 4 A, HH %k 3
FE 2 YEA5 R F T _E A8 AT 300 B8 K 2 X S PR Y OF

B s ECT, | X, 5 3036 (g w1 7 1+

20+ (a—e) N
=T I
=1+ ()
2
F2 AQ+VESEHHEMEMELR ERBILE
A — quﬂxu;si
E(T.| Xy _ il
0 A 1+( ; )

1 80. 37 81. 00

3 36. 54 38. 65

5 28. 86 30. 77

10 23.78 25. 44

20 22.23 23.10

30 22.13 22.38

40 21. 89 22.02

e 2 Al LR L SEPris A7 45 8 5 B g B AR
T X UL R AT B R B b SR S b,
BEH A B3GR SE R 1 35 o K I ) A0 EE b R
TR W

lim1 - 20+ Da—e
Ao

v
2

SCHk[ 28151 AT B # o (1+ D ES @485, 434t
T A+DESTE 2 4E45R1-F 10 8] 38 _E 7 24 15 3k i
] 45 21 T 80k B0 I G 20k 5 HR B R A R
T TR R 1 B — 2B A BB A ST TR A A AR
XA R A BT A R Y 5 A S L T R
T 7 36 7 AR % i LR A8 (1+ D ES #
JTEIAHOES A8 T — g5

=1+2(a—e)=21.
A—1+(

6 % it
ARSCHESCHRL 31 T Ll b ik — 2 R Ak 3R B Y
PR s AR B AR AR RN AR (X =0, 1,
25y 2Z b AT A A5 455 R 55 L A B 1 R i) R S
TE B B B E— 20 R R T SCHRL3 T AR i
R ST e A 2 A AT S T — A
922 3 (G (2)) UK T % 20 B0 3 A 58 0 1 P ¥ 1 ik
A IR b A AR A R S E P 2L fE R B, R
B gE o B N B h (X)OKRH T X, e & 3 o,
A t=0.1,2, EW—ZTFF. XA 0 T



34 5T LA 3% 2 T I A Tk T T R ] AT 1 S 4 99 i 5 T 633

VR IR By 3R AR
my B

N AT R T i 2 R AL Bk Y o S e
[i] 23 Afr s T 0K 22 B A B vk W] LU 2R AT R
B R 0, = E(X, — X, | HO AT L
fAife R 0, =E(X, — X, .1 | X)), X Sl A3 1153 A0 X 5
5.

TESZB B AT 40 7 (DAl 33 i AP K
MYARRE B (1, ) ES 7E 3 4k Bk of £ 1n] B 1 9 1 53 B
(] A5 3 728 1 s e ] R g b A R
Mrid FWIB AN A K ¢ AR B0 BERLRR A 3 2 4 2 Y
e MHERE S (1, O ES B e 88 4 Jy e 5 (2) 45
P51 43 A5 A A F (19 (1+ ) ES 78 2 2 i 24 F 1 7]
A E S ) AR ) TOF 2 Ik R A A
eSS B 2 T EoL DY N G o N E B i
L5105 A = RS ol T AN R g VTR e M T R £
B BRI T 2 AT B A5 R T 3] »
LA YR T LT AR A A

(ELAS 0 0 2 s A ST B AR R S B b AN AN A
FF 3% L2 0 A0 B0k 3 T B EOR A B kL X
A NHES A . H AT FATEAE R G 2= 1
BT S0 L A5 - 4 £ R L PR R S50 K
A 1T 2R 3 AT EL A S B T S B A Bk 0 T B e
[ A5 H A A A BT DA 5 vk B 2 bR g AR 3 4
FAEH.

K R T R B R B

2 % x W

[1] Oliveto P'S, He J, Yao X. Time complexity of evolutionary
algorithms for combinatorial optimization: A decade of
results. International Journal of Automation and Computing,
2007, 4(3): 281-293

[2] Yao X. Unpacking and understanding evolutionary algorithms
//Proceedings of the WCCI 2012. Berlin, Germany, 2012;
60-76

[3] Doerr B, Johannsen D, Winzen C. Multiplicative drift
analysis. Algorithmica, 2012, 64(4) . 673-697

[4] Droste S, Jansen T, Wegener I. On the analysis of the
(1+1) evolutionary algorithm. Theoretical Computer Science,
2002, 276(1-2) . 51-81

[5] Wegener I. Methods for the analysis of evolutionary algorithms
on pseudo-Boolean functions//Sarker R, Mohammadian M,
Yao X eds.
Kluwer Academic Publishers, 2002 349-369

Evolutionary Optimization. Norwell, USA.

[6] HeJ. Yao X. Drift analysis and average time complexity of
evolutionary algorithms. Artificial Intelligence, 2001, 127(1) .
57-85

(7]

[8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

Oliveto P'S, He J, Yao X. Analysis of the (1+1)EA for
finding approximate solutions to vertex cover problems.
IEEE Transactions on Evolutionary Computation, 2009,
13(5): 1006-1029

Lehre P K, Yao X. Runtime analysis of the (1+1)EA on
computing unique input output sequences. Information
Sciences, 2014, 259(1): 510-531

Lai X S, Zhou Y R, He J, et al. Performance analysis of
evolutionary algorithms for the minimum label spanning tree
problem. IEEE Transactions on Evolutionary Computation,
2014, 18(6): 860-872

Zhou Y R, Zhang J, Wang Y. Performance analysis of the
(1+1) evolutionary algorithm for the multiprocessor scheduling
problem. Algorithmica, 2015, 73(1). 21-41

Zhou Y R, Lai X S, Li K. Approximation and parameterized
runtime analysis of evolutionary algorithms for the maximum
cut problem. IEEE Transactions on Cybernetics, 2015, 45(8):
1491-1498

Xia X, Zhou Y R, Lai X S. On the analysis of the (1+1)
evolutionary algorithm for the maximum leaf spanning tree
problem. International Journal of Computer Mathematics,
2015, 92(10): 2023-2035

He J, Yao X. Towards an analytic framework for analysing
the computation time of evolutionary algorithms. Artificial
Intelligence, 2003, 145(1-2): 59-97

Yu Y, Zhou Z H. A new approach to estimating the expected
first hitting time of evolutionary algorithms. Artificial
Intelligence, 2008, 172(15); 1809-1832

Yu Y, Qian C, Zhou Z H. Switch analysis for running time
analysis of evolutionary algorithms. IEEE Transactions on
Evolutionary Computation, 2015, 19(6) . 777-792

Sudholt D. A new method for lower bounds on the running
time of evolutionary algorithms. IEEE Transactions on
Evolutionary Computation, 2013, 17(3): 418-435

Witt C. Fitness levels with tail bounds for the analysis of
randomized search heuristics.  Information Processing
Letters, 2014, 114(1-2) . 38-41

Jagerskiipper J. Combining Markov-chain analysis and drift
analysis; The (1+1) evolutionary algorithm on linear
functions reloaded. Algorithmica, 2011, 59(3); 409-424
Chen T S, HeJ, Sun G, et al. A new approach for analyzing
average time complexity of population-based evolutionary
algorithms on unimodal problems. IEEE Transactions on
Systems, Man, and Cybernetics, Part B ( Cybernetics) ,
2009, 39(5): 1092-1106

Oliveto P S, Witt C. Simplified drift analysis for proving
lower bounds in evolutionary computation. Algorithmica,
2011, 59(3): 369-386

Rowe J, Sudholt D. The choice of the offspring population
size in the (1,21) EA//Proceedings of the GECCO’12. New
York, USA, 2012. 1349-1356



634 it "

2019 4

[22] Witt C. Tight bounds on the optimization time of a randomized
search heuristic on linear functions. Combinatorics Probability
and Computing, 2013, 22(2): 294-318

[23] Droste S. Analysis of the (1+1)EA for a noisy OneMax//
Proceedings of the 6th ACM Conference on Genetic and
Evolutionary Computation. Seattle, USA, 2004 1088-1099

[24] Qian C, Yu Y, Zhou Z H. Analyzing evolutionary optimization
in noisy environments. Evolutionary Computation, 2015,
doi: 10.1162/EVCO_a_00170

[25] Qian C, Yu Y, Jin Y, et al. On the effectiveness of sampling
for evolutionary optimization in noisy environments. Evolu-
tionary Computation, 2016, 3(1): 35-55

[26] Jagerskiipper J. Algorithmic analysis of a basic evolutionary
algorithm for continuous optimization. Theoretical Computing
Science, 2007, 379(3): 329-347

[27] Jagerskiipper J. Lower bounds for randomized direct search
with isotropic sampling. Operations Research Letters, 2008,
36(3): 327-332

[28] Agapie A, Agapie M, Baganu G. Evolutionary algorithms
for continuous-space optimisation. International Journal of
Systems Science, 2013, 44(3): 502-512

[29] Zhang Yu-Shan, Hao Zhi-Feng, Huang Han, et al. A
stopping time theory model of first hitting time analysis of
evolutionary algorithms. Chinese Journal of Computers,

2015, 38(8): 1582-1591(in Chinese)

ZHANG Yu-Shan, born in 1986,
Ph. D. , associate professor. His main
research interests include theoretical
foundation of evolutionary algorithms,
convergence and time complexity analy-

sis of bio-inspired algorithms.

HUANG Han, born in 1980, Ph. D. , professor. Ph. D.
supervisor. His main research interests include theoretical

foundation of evolutionary computation, optimization design

Background

The runtime analysis of evolutionary algorithms(EAs) is
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existing work on runtime analysis of EAs mainly concentrates
on discrete optimization problems, time complexity analysis
of EAs on continuous search space remains relatively few,
which is unsatisfactory from a theoretical point of view.

In this paper, we introduce the stopping time and
martingale theory to establish a general average gain model to
estimate the upper bound for the expected first hitting time of
continuous EAs. The proposed model is established on a non-

negative stochastic process and does not need the assumption
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of Markov property. Afterwards. we demonstrate how the
proposed model can be applied to the first hitting time analysis
of continuous EAs. In the end, as cases study, we analyze
(1) the first hitting time of the non-elitist (1, 1) ES with
adaptive step-size on Sphere function using the proposed
approach, and derive a closed-form expression of the time
upper bound for 3-dimensional case. We also discuss the
relationship between the step size and the offspring size A to
ensure convergence; (2) the expected first hitting time of
the (1+X)ES on the 2-dimensional inclined plane, and derive
a closed-form expression of the time upper bound. The
experimental results show that the proposed model helps to
obtain tight upper bound for the expected first hitting time of
continuous EAs.
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