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Implication Filters of WMTL-Algebras with Applications

WU Hong-Bo LIANG Ying

(College of Mathematics and Information Science , Shaanxi Normal University, Xi’an 710062)

Abstract MTL-algebra, which is a kind of important basic logic algebra proposed by Esteva and
Godel through adding axiom of pre-linearity: (x—>3y) V (y—=>x)=1(VYx,y€E L) to a residuated
lattice L, is generalized to WMTL-algebra in the present paper, and the properties of WMTL-
algebras are investigated in depth. Firstly, the concept of WMTL-algebra is proposed by adding
the axiom of weak pre-linearity: (x—>(x—>y)) V (y>(y—=>2))=1(Vax,yE L) to a residuated
lattice L, the relationships among residuated lattice, WMTL-algebra, MTL-algebra are given,
and differences among them are showed by constructing corresponding examples; Secondly, the
concepts of implication filter, weak implication filter, MP filter, and * filter are proposed in a
WMTL-algebra, the relationships among them are discussed. It is proved that in a WMTL algebra,
a weak implication filter is equivalent to an MP filter, and that an MP filter containing strengthening
set D={x—2%|2€ L} of the WMTL algebra is equivalent to an implication filter, and a method
of generating implication filter from a subset of a WMTL algebra is given with the help of
strengthening set; Thirdly, the concept of strengthened congruence relation is put forward in a
WMTL-algebra L, which is a usual congruence relation on the WMTL-algebra L such that for
x€ L, x—2x" is related to 1, it is proved that in a WMTL algebra, there is an one to one corre-
spondence between implication filters and strengthened congruence relations, the methods of the

mutual conversion between implication filters and strengthened congruence relations are given;
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Fourthly, the concept of prime implication filter is introduced to WMTL algebras, it is proved
that the quotient algebra of a WMTL-algebra determined by the strengthened congruence relation
induced by a implication filter is also a weak M TL-algebra, and that the quotient algebra determined
by the strengthened congruence relation is linear if and only if the inducing implication filter is
prime; Fifthly, using the mathematical induction, the property of finite product of weak pre-linearity
axiom in WMTL-algebras is proved which says that in a WMTL-algebra L holds the fundamental
equation; (x—=>(x—>y))"V (y>(y—>2))"=1(Vax,y€ L, ¥n&€ N, ); Finally, by utilizing the
property of finite product of weak pre-linearity axiom in WMTL-algebras, it is proved that in a
WMTL-algebra, for a given implication filter, there is a corresponding prime implication filter
which contains the given implication filter and which does not contain a given point (not belonging
to the given implication filter), then the conditional embedding theorem of a WMTL algebra is
proved, which says that a WMTL-algebra satisfying the condition [1)={1} can be embedded in
the product algebra of a family of linear quotient algebras of the WMTL-algebra determined by

the strengthened congruence relations induced by corresponding prime implication filters.
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Background

The studying of many valued propositional logic systems

is originated from the 1930s, one of the representative works
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of this period is O Tréwartosciowej (on three-valued logic) ,

written by J. Lukasiewicz in 1920, published in Ruch
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Filozoficzny. In the seventies of twentieth century. J. Pavelka
was suggested the fundamental structure for establishing a
many-valued propositional logic system, and the enriched
residuated lattices as the basic structure for relevant semantics
in his series papers On fuzzy logic: I. Manyvalued rules
of inference, 11: Enriched residuated lattice and semantics
of propositional calculi, I11; Semantical completeness of
some many-valued propositional Published in

Zeitschr f Math Logik und Grundlagen der Math. In 1998,

calculi.

the basic propositional logic system BL was put forward by
P. Hajek in his work Metamathematicsof fuzzy logic published
by Kluwer Academies Publishers, taking Lukasiewicz
propositional logic system. Gddel propositional logic system.
product propositional logic system as examples. In the year
of 2001, MTL propositional logic system was suggested by
F. Esteva, L. Godo. in their work: Monoidal t-norm-based
logic: towards a logic for left-continuous t-norms published
by Fuzzy Sets and Systems, which was obtained by deleting
divisibility axiom from BL propositional logic system. In this
paper, we introduce the concept of WMTL-algebra which is

the structure of semantics of relevant a propositional logic

system that we will research afterward. The properties with
applications of implication filters of WMTL-algebras are
investigated carefully.

The research in the present paper is affiliated with the
National Science Foundation project Methods of Ordering,
Algebras and Logics with Quantitative Models in Complex
Inference with No. 11531009, the Study of Generalization of
Theory of Truth Degree with Application with No. 61572016,
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