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Flexible and Adaptive Unsupervised Dimensionality Reduction

QIANG Qian-Yao ZHANG Bin
(School of Software, Xi’an Jiaotong University, Xi’an 710049)

Abstract  Label-free high-dimensional data is ubiquitous in practical scenarios such as image
processing, natural language processing, and data mining. Manual labeling has the disadvantages
of heavy workload, labor-intensive, high time overhead, easy to be affected by subjective factors,
and poor universality. When a computer processes high-dimensional data, the time complexity is
large, and the hardware configuration requirements are high. In view of the above shortcomings
of using unlabeled high-dimensional data, unsupervised dimensionality reduction technology has
become an urgent need. The conventional dimensionality reduction method based on graph uses
the previous constructed and fixed similarity graphs to learn the low-dimensional representation of
high-dimensional data. The dimensionality reduction operation is usually done in two steps, first

constructing the similarity matrix and then learning the low-dimensional representation on the
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basis of the pre-constructed similarity matrix. However, there is an important problem that the
use of a fixed similarity matrix cannot modify the unreliable similarity information caused by noise
points, outlier samples and out-of-sample data. Using fixed similarity graph is too strict for practical
tasks. Because the actual tasks are complex and diverse, the existence of noise points, outlier
samples and out-of-sample data cannot be avoided. It is necessary to heuristically learn the
similarity matrix and low-dimensional representation at the same time during the dimensionality
reduction procedure, instead of the two-stage dimensionality reduction process. In order to solve
the problems mentioned above, a Flexible and Adaptive Unsupervised Dimensionality Reduction
(FAUDR) method is proposed. By introducing a regression term, FAUDR flexibly relax the
widely adopted strict linear mapping rules to better deal with noise points, outlier samples and
out-of-sample data that may cause unreliable information. In the process of dimensionality reduction,
the proposed method relies on both the original high-dimensional data and the dynamically changing
low-dimensional representations, so as to adaptively learns the similarity graph. It unifies the con-
struction of similarity matrix and the learning of low-dimensional representation. The adaptively
learned similarity matrix achieves ideal neighbor assignments in both the original high-dimensional
space as well as the low-dimensional subspace. This also facilitates the exploration of low-dimensional
subspaces. Furthermore, an efficient alternating iterative optimization algorithm is derived to update
all variables in the resultant objective problem one by one. At the termination of the iteration,
the optimal solutions of similarity matrix and low-dimensional representation are simultaneously
obtained. Finally, the theoretical analysis of the algorithm in terms of convergence analysis,
computational complexity and storage complexity is provided. The experiments are conducted on
two synthetic datasets and eight benchmark datasets. Experiments on synthetic dataset visually
demonstrates the ability of FAUDR to handle noise points and outlier samples. Experiments on
benchmark data verify the effectiveness of FAUDR from three aspects including dimensionality
reduction performance, parameter sensitivity and convergence. Comprehensive experimental
results indicate that compared with some classic methods and current representative methods, the
method proposed in this paper has the best superiority. The experimental results on eight benchmark
datasets of different dimensionality show that compared with the second best method, FAUDR
has improved ACC, NMI and Purity by at least 3.25%, 0.73% and 3.00% , respectively.

Keywords unsupervised learning; dimensionality reduction; similarity graph; high-dimensional

data; low-dimensional representation

T

1 5]

BANA AT HLAL S RO 12 4 22 A
AU gy AR R A AR AT R TG R BT AR
AL O A7 AR 23 P AR 27 > o 38 0 3 330 i 1] - 3
W2 NAT. —BOR L, — 1 B0a 5 10 AR ik 48 5 2GR
L W b P AR R 1 — TR R AR,
Fiz BEBR 28 ) A R 0 o mT UKE L o3 S A B R I
FITG W B B e BCSE Seh s A b e B e L 3R
s NTFSic iR s AR K RCRAR. JC I B
Y] DLGR/NTC AR 2 i 4E RO ) 4E LR L 22 4% K 2K

MR ERFAES (512 B AR GRS AE 1] LA
HE iR R0 1Y) 3R 2 A5 T MR BT 55

BT 1 e 4 7 1% 43 A A AR E R e 4
FEAIR A BMRLE 725 B % 7= AR B T I a6 A
A% Z R) AR RLPE AR P el AL S 66 I B o L 1%
L R R AR B e 4 Y L 0 8 1 R AE LA R M. AR R
— A R RO Ak BT B R T TR I M R A
PS> AR T . AR TR J5 A Jm R 2 M ik
B} (Locally Linear Embedding, LLE)™) | $i7 3 %7 i
HHE B 5T (Laplacian Eigenmaps, LE)! | 25 5 & ph
# (1ISOmetric MAPping, ISOMAP) ' | J&) 3 4 35 4%
% (Locality Preserving Projections, LPP)™) | F



2292 it "

Hl

i 2022 4F

Y,
&

4345 ¥ (Principle Component Analysis, PCA) &,
Hrp, LLE, LE, ISOMAP 24k & #£ 9 . LPP, PCA
AR,

LLE fl s B — 4> Bt w50 A48 mT LAy JHC ) R 3 48
S & B g X &R
ST REPR 5 A AL, LE 75 240 B[R] A 0 BE 1 80086 a5
TEARAE 125 8] ] fE 3t 5 3. ISOMAP i i 3 )
PRAF RO X 22 Ta] 800 3t B 2 W) 500 15 L It 2
FEAR A 25 Ta) v 58 Jon 4 1 b o2 24 504 26 B Ok
PCA B 5 AE A4 52 B — MR 4 725 (8] e 7=
) b e pe A S S i R Jy 25, 1 7 LLELE 254
LM VR M LA A B Ak R R ) M S R 4R
TBURR R Z2 2V T VR AR ) D D JG 2KS [ L Al R
i A ) JR) R 2% Pk ik A (Locally Linear Embedding
with Additive Noise, LLEAN)™Y 58 53 %) F J&) %6 £k
P E AR ¥ ) 22 [ 4 O ZR K A2 0 M B 80 8 K
S 1) TG M A0 PHAT e 4E. LLEAN J& — Fh gl i 1 19y
LLE. LPP J& Ak 2 4P J7 i vh LR () — 4> /T LU OR
fE7e LE B 5 LB b W S )1 2 K540 AR A
SN . LPP i) 1F W Ak 5/ — 3fe 11 5@ o 7 37 LPP
5 fe/ N ) 2 18] R AR o ) BURHE . KR A
B9 S E/N 3R IE W (Generalized Least-Squares Reg-
ulation in Graph Embedding, GLSRGE)™" J7 42 1 T
— TPl PCA #Y S8 AL 8 3 2% P& B0 20 A A 4L
it A0 SRR L A5 20 AT LA [ B R BR 5CH 1Y) [E A L]
BERY N 42 Ry 548 BOARLE S 5.

1% G0 1 35 T [T 1 e 4 7 0 Se Al 38 1R — S AR ARLBE
P, 9K J5 X T SE M 3 14 [T ) P PRA T 335 0 B AR R AR
Hepasit REC QUG T2 HF R SR SE bR
I A BE R 2R e B A 2 A e A B B
(B 308 7 7. A% 58 07 VR (0 TS0 5ty S ) T3] 5 F9 AR {0122
P JC 12546 S0 M 7 8040 B8y 8 A (R 5 1S Y A T 5 AR B
FEAT R ME LA T B0 S0 . PRIt A 0 S A 3 T
R RRARLE &1 DL T 4 1R . Jm 7 7 R B B
(Locality Adaptive Preserving Projections, LAPP)!"
T 5 A6 25 8] T AS S Jit e e 48 5 8] U501 4 AR AR 1Y)
LS AR W RE A ] B AR DL DG R HAR R
LAPP R 1 WKL 21 40 1) 55 W 55 8T 4% 52 i (I 4k 7 =5
(] G A K30 Jrg A8 45 4y 1 RS 1 B 1 00T A ) ) 4
52 (Double Graphs-based Discriminant Projections,
DGDP) $i H & T XU #EAT ) 5] #5352 3 3 4 J g 1>
BT 42 JRy AR ABLRE 141 30 o A4 K080 1) 40 531 245 4 AL
{75 Hg 1) R L 50 T s B 4 (Locality Sen

sitive Discriminative Unsupervised Dimensionality

Reduction, LSDUDR) "' 3 it #4) & 2 71 Ji% 1 %5 405 A
ARLAAE R 22 A0 A1 2354 ) 8 2 11 0437 35 ol S8 6 o it o ok
LY R 2 2 O R R AT R AR, 5 1 3
2 ] ML) SO AT 0 W B R A 1E R 1) 7 2 EGCESH,
W B2 2 AL 72 R i A 2 ) T2 ok
PEFEAH RAEA X 47 AE. EGCFS PLECK 1 32
IR R b ST AR L R T AR 0 T R
# % (Unsupervised Projection with Graph Optimi-
zation, UPGO) " i g it A UL P A0 27 2] 5% 4
Gt — B A3 FIAE B2 b 3% 05 151 AR L iy S AR
W 1) 240 o AR AR AT 4 3R 78 22 ] 110 0% R 2 ) L R
S5 KE) 1 PR ARARLRE 6 e O 72 g B lt B o ) e 0 A AR
Y525 [H].

e FR D5 % F LLE \LE 25 4R 2R 1 Jy 125 ) g
PR3N U LLEAN  LPP Fl GLSRGE 3 F [
SE R AFBLEE P ) P P 55 ) Ak e 7 40 0 4 7
WAk (ELI: o AP I ) A 0 B ] TG V46 i AT W 7
ol B3 2 10 T S DU £33 . 18 0 LAPP,
DGDP.LSDUDR,EGCFS #1 UPGO % J5y & i A
[Fi 149 A V1 SFE s 4 3 S T 9 0L 8 R . A8 R A
JE R I 1) R A B 1A TR AR R A 3R T H X B T ik
1R FH ™ 1) A M 45 2 D U] g . S 1 T b 1 R
W IR A8 SV B LU T S A B 2K 0
T E YRR S R LR E T B Z KR A
fpik— IR R,

S itk 1R 214 T R 24 5 T 4 PR R (1D AR A U7
T X DA B M Ak B (R O 0 MR 7 R Al O SRS
(2) L2k 4552 It U] B8 9K mT DA A 390 {1 R M 5 K
I o AE AR B ZR M 1R X T S B B 1 O SR v
(3) &7 [ 5 Y AR (L2 PR R AR 1~ 25 ] 2 R B0y
A RE AR T 48 T Hy M SR R R D] RS A S T EE &
AR SCHE Y — A R E B N A T I R 4E (Flexi-
ble and Adaptive Unsupervised Dimensionality Re-
duction, FAUDR) J5y i%. 5k 5l A T — 41k [l
VA IGT, DA SR04k 3 2 M A R R o A Y EaE .
FAUDR TEAfR4E %5 8] 7Y 48 28 3 7 b O I A6 A A 25
(i) v 1 A A T o O 3 48 Ao 3 A 32 A AR
JEE AR L Al 2 U FAUDR [] i 15 Bl i 4 %548 A 5l
A BT IR 2 7 5 > FH AL L &1L g i i ol L e
S BB AR T A2 300 5 G b 40 B, DA 2775 1] AR
T I ven A4 K000 TR Al AL AN G TR IR R IR ZE s

2 MHxXIE

AR SCTAE 52 3 B A RN 80 AR S &



11 4] SIRAK B SR RGN B G I e A 2293

N E S g SO AT S U L R R B A G
TAEMR A
2.1 SR
AR S HE B A ) R A3 ) R SRR RN R
KRR X THEE M. rank (M) . Tr(M) M"FIM
SRR MO RE Gl E A -] AR LT
lellon PR35 oo - TEH [+ £ 183 Frobenius 4. 11
RPN AR AITTRE R 1 1. M =018
# M PR A ITR AR T BT 0.
2.2 HMUEBERHE
—MFEARBCERE N HESE R d BB SE X=
[x10x 0 ux, JERY, Hp x, R (I<i<<m) &
IR L AREA AR B B X A 3 — A TE ) A A
G={X.S) , H . SER"""FRRHUBEHMH K, S 5
185 ) A= =m)FIHTCR s, LRFEA x, Fl x; Z [H]
AR REBLRE . T B 5 15 AR REL I S BT 20 B A AR
Xof Z 8] B AHAL B R4 27~
kSIS R 8 D) J2 8 ST 485 4 g I O
2 HAL 75 1 © 3 v F T L-F e A1 ik T I Y
Bl > o] . 78 25 2 1) B2 & Gal b 2 BROJL B A5 5R
B R AR IR S T8 4 % e B R AE MR R
5 x MR R b AR JEFEA SR 5 ARG B G 44
P SR s o SCAHBLEE 8. o i 3 A1 B A 1) 2 7] DL AR
B AE T SRR A e Iy s B (B B S W (2 5T A
TP A5 B AH b 3T 4B R 25 RSB O3 A BOR AR
JE X8 BT A R A P [ 5 /0N 1) &P S8 AT BEAS 8 L
AL [ SRS« oA 1 A 52 T R S A%
F 1. QTDWIEI%[H% 17 B R AR B E 5 Sy
s X; € knn(x;) or x; € knn(x;)
5y = (D
0, HAt
Hop knn(x,) R x, 1 kTS ES. oo EA IR
O BRI 1 A ARARLRE , al i B A0 2 7m P AR 3 55 A H T
o3 W BUHE A A
AR B2 [T SRS A AR AL RE

x]x;
J » X;€knn(x;) or x; € knn(x;)
’ (2)

s = I %,
o e
o, | o 2 o o AL AR SXAH UL EE HUOGTE T 1n] Y 22

S X BAR B Y /A UK.
e ST A A T SR W 2 E SCARL BE S AT
AL & LA
7Jexp<*%> , x; €knn(x;) or x; Cknn(x,)

Sij —
Im Ho At
Hrp dy = ”xi*xj ”z 50 %%ﬁ%ﬁ o R I BT A

7%

3

A PR T RIEME B SR TSGR . o F
BRI DA R IE M A (E
2.3 HBE#%A

Pl ik A AE S B8 A B AR 1) — 30 43 o A0 3 P AN ik 37
IR (D W AR H R S5 (2) 3T S SRR+
23 (). F2 S AR L 4 2 [A] v g AR A S AT R
5 5 1 v 2 2 ) v A A 2 ) 9 AR BLRE . BRI K A
LBE s, BERARGE R IR £ A0 f Z (W BE B /N, )2 05
SR RIL B A e LT i) A8

min ZHf —fi s 3m1nTr(FTLF) D

Flop=1i.,—1 Flor=1
Hrp F=[f1s for s [ ]TERTRARYE R IR (m <

wﬂewm%%iﬁﬁﬁﬁ?ﬁdgfstHﬁ
FE SR B Dl B B s Ls J2: B hﬂfriﬁf@ BiE X
HLs=D—S. Ls & TFEMN . I /NFAEE N 0,0 5
TIEAH 14 55 & 6 N L v 2 3 35k ) 255, B bR R K
mmT;(F 'LsF)= min Ef Lgf, 8 — 11tk

F'r=1 ffl—l

FHARE mmf Lsf . min f; (L f W AE Ls 1 2/

f; j =1 ff 1
A Z R AR X W A RRAE ] B O B4R X
FEAE R MR AR HL M S v 20 & R JC G A
PUPEAS B 2E T T 8 Ls i B fIKF .
2.4 LEF LPP TR
LE ARy, 45 x; Flx AHAL DB ] R A 4 220 g

REBES . LE W s k-r 48 S, R G R LT
/MR UG BIILYE F R F .
£nin Tr(F'LsF) (5)

LE J& — AR ik J0 ik A 318 1 (R F00BT 5080
LPP # 42 i DL fig e LE 38 ) 1 [n] 1. LPP {i& &
X 3| F A 5 2 vk it 6 38 () it i 7™ 4% i £&
PR F=X"WWER"™) KA LLT ) 5 .
mm Tr(W'XLgX™W) (6)

W XDX W 1

LPP "] LB A fE & LE (394 2E 3 oL %5 Tl 25
FEAR Z A0 BB B0 . LPP & —Fh i oh i k.

TE LE F1 LPP v A RURE R B S #f 2 F5E 1 1
() TE AR ZE 25 [A) A R 0 o o [ AN 728 . X A 14
T o PR R S (R 5 | RS Y AN AT S R AL B A
PRRARYE 125 A KA S8 1 S BUR & 45 3 1Y
R4 2 75 1 ot 6 TG ¥ PR IE.
2.5 EGCFS # UPGO fi T1E/R I8

FESE WA TAE b, Zhang 58 AT 2 H 9 EGCFS
Ji R A S A A B R T i A B 2 ) f
R B P AN D AH A DI 9 HRAE -



2294 it 23 Hl 2% i 2022 4
~min  TrW'XLX'W)+y|s];— R S AR AE R 7% F o 138 B 3t 8 5 4 KO 43 B
W W=I.G.S 1=)1 CEE A " QZ‘: ; = . \ RE

Horp G FROR B AR /R FE BE. AL EE B S AE
FIL AL R P B A TR

Dong & A 1) UPGO Jr i 4 A0 UL %
F18) ) Sl R AR5 B ) 2 ) B — B — M HE SR

min$— Al Fa 3 W~ W' s,

s.t. S1=1, SZO‘], rank(Ls) =n—c¢ (8)
UPGO 7 P4 1o 75 [a] B 27 >0 40 0032 46 B S Fn 4%
AW,

AT LE 1 LPP, EGCFS il UPGO zh &% 3
AFVBLE R . A AT 2240 1)t o i 5000 W 4R T v DA %
Bl 238 77 N g 2 5Lz i B ep i 3 Y Bl 2 A
ZHE B 0 43 A RN TG vk — M e, T A UL,
LPP.EGCFS il UPGO Fy 4K i i) £ 1 % 5 5¢ R X%
FE B B SR A T A SR B 2 2T 1 B A T Tk
ARk — P IRR.

3 RXFTE

ASCJ5 ¥k FAUDR 9 H b a8 BT i 32 2
by 1R 2 25 1) JC AR 25 B0 A 2 3 /R . FAUDR 7 3
FEAIG 2 12 [B) R 2% 3 it v 2 20 15 31— A BRAR 9 A
RLE 1. LA AR EE T R LA o o ff b 3R R AR X 2
T6] F4 PN G TR VRO 45 4. PR RS TR T 24 i E
A T B B2 7 2R ek B 88 5 kT e
A 1 T 1) LR AT F 45 R R 7 P A 58 4 57 1
1E . FAUDR H5 A0 AL RE B 2 R 4E 220K 2% 2] 45
A B ) — A AR e 7R R AR AT 55 T ) A A R 10
B AL 2 2.

— PRI LT o A B S Y B 2 1) B A AT R
AR AL, R Z IR 8K o s 2 Ui A LB s
SREA x, B0 x, Z 180 0 BE B R B B 6 &L Ut
FAUDR 7E R4 i 2 v, 456 I 06 & 4k =5 R AR A X

S. [k

Gomin 5l sy E st F A S )
o (9
Hopy B EMAASEG [x—x, |55, AR R E 6
B 0 4101 P 5 B9 o 5 UE A BE %5 0 1 K AR 22 ] AR
BB 458 /1N R B 468 30 140 R A 22 T A AU 88 5 -
I s AF T I 75 SR 3 60 7 LA s S1=1 1035 S 14T
R 1A S 45 5 2 0 P LS 46 J5 4R 5 4 BE A% A0
W 24 o R vl 5 ) 0 IR 4 5 R X A L R I Y B
k. 783K (7). S R AR T AR o5 4k BE A 2 Jal iy
BB (o, —x, |55 9 HAR TS 4 %% 2 6 9 B g
£ 115, S raka gl % i 1 I A R A 23 i A S
A 2 2 ] e RE AR 18] 9 4B 4 6 R
R 0 3007 4 B 0 P TR R (D B

min E(”x,-*xj ”gé,]_’_}/SIZJ)+2/\1T7'(FTL5F)
S1=1.S=0.F
(10)
H Ly=D—S ZEFIE R DER" " &5 i
AXHICE A d =D s, WX A BE A .

by B G 1 A R AR REAEL DL SO B — OE
X F=X'W+1b" . K, bec R" " FR MR E &=, Ik
LR G R 0 b B AIE 2R M O A 1 B L xS
i R KA F /4%, o hnih F=X"W-+1b" 35X Flt A
o 4k 73 (] B 4 2 (0] 77 A R MR R AR SO
EBIA—AMIAE2ZEF, € R IHEEF, =X"W+
16" —F. JLit MR 4E R F FZRPERE XTWH1b' 2
V1) P i 2 0 AR o b A A LA 7 Al 6 1 85 B 1
Jeme . 2T UL AF 2] T A )5
IX"W+1b"—F|%

ij=1

an

wiw=1p.F

R4 R F AERUE X Z (A ARG A
FAUDR & 7& [l i 31 5 £ 19 A1 DL BE 3 1 S IR
YR FRIENAITCNE 1 fras). k. 4540 00)

1 FAUDR #fit



11 # HERAE . IE HOE I A TG W e 2295

D), B0 B ir RECH

) n - , - -Z
51:r1r.¥20.b'- ,21( ” * © ”25” +y‘\[])+
wiw=rp
2 Tr(F'LF) 2, | X'WH1b" —F|2 (12

Forp a0 A, B 2R

FE(12) 19 H AR R B A BLBE S [ S AP 2]
JE o M e — A (EFEAE I AR . S A 5 hh v 4E ¢
ARFIRGER R B & N AL, IR4ER R F AN th %
TG0 REL AR 1) AT 1) 2L B B TN B Ak PR P
BHRA B AG RB F 5 X AR BRMLIERR,
HLE T Xt K3 o0 A1 2 T A AR EOR .
Hh o 1Ak A [7) 28 T AN [5) oA 0 ak 19 SR A

4 TFTiEfRi

KA HHY H R & Bt — D Z AR L d T
LR A i A 72 5 AR TR XE o PR IR AS SR 58 8 1%
REEZE—EH AR Vs S MF ZJ5 .8
i DA A 2 B i A A
4.1 EBElEF.EHS

4 F Y KA S B 1 1)

xi—x; sy FrsiFa N fi—f s

(13)
a b W e R ON B R a0 N i Il 11 Bk VAR I
B A T A 7 T LA 57 SR A i B

min =~ > ((|x;—

sTi=1,5>0 ;=1
; ;

i ARk
(4H

min
sT1=1,5.>0i.j=1
; ;

X; ”;Si,/ +y\lzj )+’\1 H fi_fj sti,r )
14)

Ld,; = ||x—x, Hg +xlfi—f ||§’ft

min }/2(\'?]—0—%5105,-]) (15)

sl l,s; =0 i=1

%ﬁqwﬁm%ﬁﬁﬁWEH%d%ﬂu%ﬂ

mm yZ(s + d ) (16)

FE X ) d,E]R Xl,,\ﬁ%J MIEE R, M (16)
EMFTFmaEEX.

2

. 1 1
;’I‘lrnll?‘fo? Si_‘_zidi 2 an
Jﬂjlﬂuﬁﬂﬁhﬁ%ﬁﬁﬁ H%E/IEX?LJ
L(s;ist.0) =~ |s; Jr d —r(s/1—1)—¢"s, (18)

Hrp,e>0 f §=0 Rt W H e 1. 8% L(si 0.0 R
T soRFIHASH WL, /R

1
s,+5dl—r1—§=0 (19)
'ﬁ:[ﬂ: 7@5%%?” S{jgjzoaﬂ:tvﬁ
(1
s,,»—( Zyd,j+r)+ (20)

WA KKT %

RXFFEFIMGR s Bl 5 x, ¥ 06 & 15 7 £
MIEAB A AL 5 HAE . XER s & A kA
TR AR— et B d P e R T HES
SEHEAEZTEERE s, >00<j<k),s, =
0Ck+1=j). 455200, Al Al

1

_Z’dzk +T>O

) 2D
75/(1,‘.;: } 1+T§O

QO sT1=1, 075
1 1 <
:7<1+fzd,,) (22)
sgatehmA Q) H—Hh
J7>2(kdm2du )

(23)
17< (ks Zd
IR s (R B A A B k /\JE?E%JEME%J
y—f (kdi o1 — Zd,, (24)
a0, )R (24), Tkﬁ%ﬁ
d;.kﬂ*ilij , ]gk
sy =1kd i —>d, (25)
j=1
0, i=k+1
ULE S BT o¢ b,
4.2 BEES.-EMFMAW
28 e . A2 AR .
min 22, Tr(F'Ls W+1b"—F|% (26)
Fwiw=1p
HRQCOXTF bRFHLSFHNE . 11
2nb+(X"W—F)"1=0 27)
— A0 P45 3
b:%<FT1—WTX1) (28)

HEOHMRARCE) . H
min 22, Tr(F'LsF) 44, [HX'W—F) | (29

IWWI

Hod ,H=I—1/n11".



2296 it =N 2 i 2022 4F
B Q2O RT FRFIHASFEONE . 017 HT ST mFERES W R,
20, LsF+\ HF—HX"W=0 (30) (W Ty = min 23, Tr(F'Lg+1 F)+
F=LHX'W (1) e o
A XTWH1"—F | (35)

Ho,Ly=Qx, /A, Ls+H) ",
¥R GORAR 29 W 1] 5
min Tr (W' X\, L, 1, L) X™W) (32)

He,L,=HL.LsL,H,L,=(I—LH)H(I—L,H).W
MR MR X (A4 Ly + A, L) XU m A /N AF A
it 7 4 A 7] 2 A4

WL Lh BB B SO F F WL i 4] LLAS
B S F MW Mg WA LGOS
M FAEAER GEF . Bk 1 8gs Ty k.

®i5 1. FAUDR b e .

B KO X AR T 25 [0 43 s B0 A

St AR GEF R F

Losadsk i min 35w —x [2s, sl W1 LA

UEESE M S Ls 19 m A e /INREAE AH X B 14 5 41E )
B ARYE SRR F LI035 B AR R 500 B bR

2. 303 SR A 3 L7 Hie AT B AL B JE B S

3. MRYE XLy + 2 L) XY m A dge /N FFAE B X R 1)
RRAE 1] 2t B8 45 4 1 WL

4. RIER GD KR4 F R F.

5. VI MET H AR ek BUE. 25 TR R R E RS HARE AR
A Al S A o AR OR F & L3R [ 9E 2.

5 HEitawH

5.1 s

B 1 St B e 1 45

B L Bk 1 oy s e SR KU AE
R 3 (12 B0 LR B 8K

. R REREZE R S WA
FAfE b LR F R PR s
LR R (13) 155

s :sln}i?\o E lxei—x; |55, +ysiH)+

20 Tr((F)'LsF") (33)

A

DI w—x, |5 Gy G
i,j=1

2 Tr((F')"Lg+1 F')<

P HO IS IO
ivj=1

20 Tr((F)H"Lg¢F") (31

NIl

20 Tr((F"" ) "Ly F' )+

LIXW T 1t —F <

20 Tr((F) "Ly F')+

LI XW+1b"—F' |} (36)
AR BEH A (36) I 25 A [ 0, 1T 15

DV —x 5 Gty G A+
ij=1

20 Tr((F ) TLg1 F' Y+
b HXTW/+1 +1bT_F1+1 H ig

D x—x; 5 Gy +
ij=1

20, Tr((F)"Lg F*) +
LIX W1 —F | (37)

FEINXAD W HERET AR 0. It /% 1 ¥1E
B YR 3k AR o AR B R DN H A ek B B bR R )
sk, UEEE.
52 HESERE

KA 10 H AR REC TR 2 B =4y
W (D HH S 17T OG)  Hitk, 5 S
TFHEEH O () KMWFEHE XL +
Ao L) XTI RRAE ) 3, 43R OCd?) 5 (3) AR (29,
K FHAERZOGH). lH .m<n Hm<d. N
W, BITHEEIREA R OCG +d°) o) Kbt &
EARUEL. IO FEFRATT I S2 g0 o 306 178 30 IRk
RZ MBI AT e sl Bk, X d<<n B 3FH & 24 Bl
ALK O™ s I Od®).
5.3 HRESEXRE

TEARYE R s 19 2% 2] 1k #2 b, FAUDR 5 2476
S.F A W. FI B A R 2 B O +nm +
dm). T m<<n Hm<<d,[HI, 5065 E R
K O +dm).

6 X I

AR SCAE A JRCRC Y F1RE ME B 4 R AT T SR,
PLZE A B UE T4 5 3 FAUDR (04 8% M. Brfg 5k
I TEBC B N 2. 20 GHz Intel Core 17-8750 CPU,
16 GB RAM F1 Matlab R2018a(64 bit) )] Windows



11 4] SIRAK B SR RGN B G I e A 2297

10 {4 T3P B 52
6.1 ZWigHE

¥ UE FAUDR 1A 200 JATH 5 LUT L
ol G Wi S I 4 Ty T R A T 3R

(1) PCAM™ . PCA J& fifi #5335 8 A0 S /N
LM

(2) LEM . LE SR~ 88 1 3548 A Lk ) — Fh 22
R BT A

(3) LPP™ . LPP 0] LA 45 B4 Jo) 5 285 44 , [v] b
WA 2 ] 2 2

(4) 7% [8] 9 (Spectral Regression,SR)™* ;SR ¥
52T R R 45— [l I AE SR,

(5) LSDUDR"* ;. LSDUDR #4 1% A el 3 [ #1 £
FEVE Pk 8 78 B8R 1) H F M A5 A

(6) GLSRGE™ . GLSRGET /ML Kl #%& A
() e/ e T R 25 R B 4 R R R B AR A4 1 4 1)

(7)) 3 F B LAk 19 06 W B £ % (Unsupervised
Projection with Graph Optimization, UPGO)#!,
UPGO ¥ &R0 MR R85 6, [ i 2E 47 [ 4 Fn 2R
KT k.

RUILBTIA T ENITEZRIE. AT
5 % E Ty I 1 VR AR R X ok B T AT R )l Q000 ER
YEE AN X TR D7 s Fe AT+ BOAH iz 18 S v
1) S 56 15 B R 2 B0 8 0 BR AT 5L 5. UPGO H o
il T4 2R SR W AE X ] {1077, 1077, e 107 )
#EATI 5. LSDUDR #1#y 8. GLSRGE #1 [ o DL &
A SCT7 i FAUDR H i A B 68 RS 18 2% SR s 7
XE{10 % ,10 %, -+, 10% ) b AT IR 99 . AR SCEE B e 5%
ok H BAES B B A5 . S GE AR H B bR R A
225/ T 10 OIS 2 8. FAUDR %
1R A

R1 FEAENTHEERE

itk HRERE LS HRERE
PCA O(d?n+d*) LE O d+n®)
LPP O*d+d*) SR O*d)
LSDUDR OG® +d*) GLSRGE O +d* +n*d)
UPGO OG® +d*) FAUDR OG® +d*)

TS R AT A 2 S B I L 5 T B A R 24
TG W A 2 A A A TR et g R s FRATT o 5
2 2] 15 3 To AR 4 v 4R BOHE 19 I 4k R L R Ja RHIK 4
FRIAT k-means™ 1N Ay 1 A 4 1 B 2
G R = A AT B PE AL 48 AR R AT TE AN R B
(ACCuracy, ACO™ 47 #f 1k H. 5 & (Normalized

Mutual Information, NMD P2 Fi4l B (Purity) .

ACC o v, FR N EHRE T ENFEAR x4
) IRIHREE g0 Fom WAEAR x, I B SE AR 28, ACC il
SUNNE g =

D16y smap(g;))
ACC=- (38)

n

Hrp, 3 o=y, 0 6z, y) =1, KM 6z, y) =0,
map(g,) & ] AN SRR g, VEIC B AR S v, B
I 1 e S R B SRR AR BB

NMI: A n, R ot BB A 5 1 4
FKCoPREAR B 0y BRSBTS A2
C PR REA B g 2R A TE C N C, AR HE BRI
ARHE. NMI [R5 7 2 F

ST S, log Pt
1 h " nm
J(Smtog 2 ) (St

Horb, e J2 2800 AL

Purity: [ ACC #1 NMI 4p, Purity & 5 — ff 3%
i (5 FH A A 48 AR Puricy fi 8 R 2R R0 & £ 2Ok
H— D 2RBI AR AS B B B o 0l ok & A SRR Al
EL A IR B R A L2 A A T

Purity=>3""P(C) (40)
i=1

NMI= 39

o ,p<c,>:nimax<nz>,c,i%/%ﬁezrsiﬂzﬁ n, B

n RN § ARSI ) RREA B

X EAEARS B HA A E R 2555 T
DA 42 T M IF AL 25 L 3 = A F8 A 1 ICMEL IXC 1] 24 2R
[0, 1] fE M RAR SR G R
6.2 ERHEELHIE

M T R R A SR 2k 22 R LA B v R A
A DU R S L L A DR L Sy B U 6 TE AR
SCOTIE R PERE - FAT TN T8 B84 XU 4 0 i
BRI R A ST I 5 ) SR

KU Bt F LA T A A S5 127 2 153 2 B AH 1B
JEFH B FATT R WA L B O 0. 12, 73 Bl A R T
BEREA 100 AREA G HL2E ) 5852 2 A ) ) A

PCA. https://ww2. mathworks. cn/help/stats/pca. html
LE. https://github. com/topics/laplacian-eigenmaps
LPP. http://www. cad. zju. edu. cn/home/xiaofeihe/LPP.
html
SR. http://www. cad. zju. edu. cn/home/dengcai/Data/
SR. html

® e



2298 it <A

Hl

Y,
&

i 2022 4F

JEL LA WA B L A8 2 v Ca) FCD BT & v A [ 5
AR A ZE R, & 2 h, (b) F () 23 B 2 & i Oy
TRAE A IR G B R 1 A BB R . (o Al (h)
53 PR B A Ty 1 A T A DG B A R AL
J B A T B P o, RS ) 3 B 2k 1) ML AN AR B %
(R B0 RE /N AE BE. A B E FAUDR 4 4 L 2%
2R 1 FRATT IS e ) 2B I A B B i A
0. 1 [R5 5 SR J5 1 FH WG B2 R 0.5 1) /\ 4 Bifl 411 Mgt 7
W Ca) FCD H 7 1 A = 48 U8R B3 40 3l R A
PN 2E 500 s B FAUDR 43 50 6F 9 A~ 1 48 54

P FEVEATREAE. (D A GO 78 B A I Id Bos 1 43 3 e
/R T FAUDR $5 22 31 5 A DLRE R 1. Ce) B () Ji
/R T FAUDR #5222 5 ) — 4 3 7R B AH 0L J B
NLER P& 2 ] o 10 A% i R B Ak v ) 1 A A
DL R W5 9T A 800 3 B AE — R AR ME X 2 P A
IF) P 2 . AR S 1 e 2482 >0 3] (% AR 0L BE 1 T AT
A Hb A T B 43 T[] Bt A5 1) 1) I 24 2R A5 R0 R
T R A B0 A [ 45 #. 3649F T FAUDR ] DL 7E
W R AEAE I B0 R 5 38 R b 2 5 25 0 R4 A4 AH A
J3E 4 .

1.0 A B 0 i . 1.0 y I 10 3 :
| "'h‘!? LY -“‘\l: . l il "uf‘ﬁ:ﬁ{' { -1 A 4 o W | : i ¢ f’%\" | 1.0 '_57"""!
051 34 b 0.5 fif 0.5 B 1 | 05 K& t g;, | 05 #
. i} . e » & . i B N
of =2 & £ <2 O =g 4 *; o N ' | 0 ‘k 4 ‘.ji 0 \ \}
5 el 5 L &1 —05 & v 1 =05 5 ¥ 1 5
0.5 N agp | 702 '}Q gl o Q. o |0 o | 70 S
-1.0 LT —1.0 W= | -1.0 " 1 -1.0 Py i —1.0
15 —050 05 15 -15 —050 0.5 1.5 15 05005 15 -15 —05005 15 -15 —05005 15
(a) JUEEdRE (h) Falrkis (c) PEtks (dy X I4g#4ims (e) F A0S
1.0 v {10 o~ i 1.0 ) : i ; [
e \_\‘t’_.-_{ . | T gl ik |.U| ' 1.0} £ %
05 w777 ek, {05 ?«:-" ﬁ:} LS. U"_Ji ]:gﬁw% 05| A T
0 3 om ae (S | o0l.d% " rl Jiz | 0l I .
0.5 * t . ”-“ 0.5 ‘ \‘& ﬁ o5 { UIA&‘ ’;“‘ E% A i‘} ” ‘: &
0.5 > X i —0.0 N 1 =05 7 1 —0.5} 0.5}
b S S Sl AR | :
~1.0 o, W 1.0 Hﬁ-: “‘f"'& { -10 { —Lof i"iw‘ —1.0l e F
.| L L

5 —050 05 L5 15 —050 05 15 1.5

(f) iR (g) ks

050 0.5
(h) ¥HiLs

1.5 =15 =050 05 1.5

() X Lig#ms () F LS

B2 XUH Bl b S5 45 R (Ca) A CD S22 A I BUA B8 » (b) #1 () 23 3l J R 1 8 3 A D7 A P A D s Bl B4 i
4 AE ARLE B 5 (o) A Ch) 23 5l J 7 1 FE TR A B 6 38000 A A A6 T 96 40 3 14 AR L B8 8 ¥ » (D AN (D 7 7 A S e ol I
3R T FAUDR s 22 3 (0 A B BEAE - () () 23 S 7R T FAUDR 5 28 25 B 19 A% 25 32 7% F0ORTARLBE 36 )

Fi - 4 A B T T 90 UE T A L B 1k DL AR S

J7 ¥ FAUDR Xt 5 5 %dls 1 4k BEAE 77, I ik 3+ 45
B K W P L B2 A 0. 05 AR R 43 O 4 2R
(4 1500 > =ZEREA L ANIEL 3 B . A [ B4 i BE AR
SARGRAS [R5 B AT FH A T3] W B2 1 M 7 00 3
PR LY R A+ e B 4R 55— A /NS
Wl 4 FLR =2 B R AR 1) = 4 T 4 A He Y
PAERE S 2 i BEALIE A5 CIn Al 4 () B 7)) B A i &
AR PR 2 Y REHLIE S . 5 AN R I R
g  FLA IS 2 — A Bl S A AL AN ] 22 Ak S e s
15

10

£ T T T T 1.
2810 —5 0 2 10 15

B3 e dm 46 B

W A 50 F = AN 4E B I 5 () TR . i E K R
Mg P 118y 1 A 5 R A 0 A1 R L.

eSS 5 b, AT ¥ FAUDR 5 i M 4 24 1
PCA.LE.LPP,SR,GLSRGE,LSDUDR fI UPGO
R AT Fe R 2R ) SRR A R 5 4R
JEIR T AN ) 7 12 7 /)N W 75 R0 AT A R R M P B i 4
MR ESE S, B 4 FE 5 ] BE LA A IS 1Y A B M
MR = 4EFROR. B A ) 6 4R 2R R 2R B X
FU RS AT BE < X W 7 i B /N L LE 22 8 1) = 2
TR Fr T 28 B A ] . LPP, SR, GLSRGE A
FAUDR 27 2| i) = 4 7= K8 U] o O/ B8 17 Dt 4 2530
(25 4 5 24 W 75 i B2 38 K i, LPPL SR fil GLSRGE
(4t 200 A &, FAUDR 2% 3] 18 5] () = 4 £ R 1R
L st R BE TR 5 Ca) Hi A I = 48 BROHE 19 43 A1 R
FVRE AR 254 5 T 10 M 75 i B R/, PCA B9 45 R 2R
AR, BERAY LR 45 R UE T FAUDR 0] DL 2 3% H
A B RS % A5 TR ) R R LA R Y
Bk,



114 SRAE BRAE . R S N T W R B 4 2299
20+ I 0.05-
).0:
Q.
104 29 0.02
54 14 0.01-
-
0+ 0 0-
B o0e —0.01
N b —0.02
—104 —24 —0.03
—154 s : —0.04
05670 =5 6 5 10 I5 0L 3214 1 2 3 006-0.01-002 0 0.02 0.04
(a ) the first 3-dimension (h) PCA (c) LE
15 i 0.06 n 04 ~ -
2[]-_,;___1.{]_ 20 = U.U'!—I;'—._“‘_‘-f}_'_ _O_.JU_Z 0 —0.02-0.04 .
]:_:-u'll - 0.01 .'II L —(.06
04 i oY
It]? —0.014
5+ —0.024
0 —0.03+
= —0.04
. —0.05+
—10J —0.06-
" T S
-8 —6 —4 -2 0_2 4 6
(e) SR (1) GLSRGE
T
8 64
s 5
44
31
24
1 4
0
_1 {
i, -2
P H 6 1 5 3 dbz 5-10 =5 0 5 10 15
(g) LSDUDR (h) UPGO (i) FAUDR

P4 /NI R i o A5 R B 4% T v A A 45 2R Qo) I = /NI S S 38 580 5 () ~ (D 20 SR T R [R) D o 2 A ) = 23250

20+ 35

. o 0,05
54 2 @ (Y 3 (] 4
15 2. 5. 0.04-
104 1 ° 0.03
- ) RS © 0.02-
2 1 5 3 0.014
.. 3 '
0+ —14 “’ p. e ™
- ol . %e ~0.014
: —0.02-
—104 -3+ X S E . B —0.031 s .

-154 44 —0.04
ST, 7 0,05
gl0 -5 0 5 10 15 2 9 3-2 -1 0 1 2 3 004 002 0 002

(a) the first 3-dimension (b) PCA (c) LE
" 0.06-
20
" 0.04-
B e
o 0.024
5 01
01 >
o4 1 —0,02-
5 5 —0.04
—107 01 ~0.06-
15— 0 -5 —0.08 . ——————
20 15 10 5 0 -5 —10-1520 — ~0.06-0.01-0.02 0 0.02 0.04 0.060.010
(d) LPP (1) GLSRGE
6 15+
.;'9 T . - 1 —6 - : - ; T T - 1 T T T 1
2053 060 2 1 6 8 D006 1 2 31 565 Y9510 5 0 5 10 15

(hy UPGO (i) FAUDR
Bl 5 KRS By B B S 45 T A W A 5 R () i = 48 KM 75 Bt = B 88 5 (b) ~ (D433l /R T AN R ¥R 254 I = 4 60R)



2300 it 23 . 2% i 2022 4
6.3 EAHBELHIEK %L AT FH oo 2 BOHC BN BT A 7 s AR R A
FATERE T FEAR A EN 1400 F] 15000, ZE FE A 17 RS2 hie 56 F 2 45 .

256 2| 11547 K HIEM 2 3] 100 A4 i N A B HERL
Wb 3 2 A T xS 4. Hih, Mpeg7 Fil Palm-
Data25 B 2K 55 £ . Mpeg7 . textl il Reuters & K
o R B . AT 43 DA R 4 1 BE RN 2 BUBHUER B Ay b
PN J7 T 53 0 AT S 5

* 2 BEEBUEREMIR
Kdh 4 A KL B3k E9:+3
Mpeg? 1400 70 6000
MSRAZ25 1799 12 256
textl 1946 2 7155
PalmData25 2000 100 256
mnistdata_05 3495 10 748
20news 3970 20 8041
usps 9298 10 256
Reuters 15000 6 11547
6.3.1 RE4ETERE ST

TE HOBEAS T3 15 I e R e S 38 v » O 5 i AL

RIFRAMEBES LR TINA LA
KOs A b A i RDRS BE L bR AR B B Al = A
VEAS 8 b5 0 A5 0 S (B R 7 22 Horpr B O 4 SR ALK
PR DL A5 2R F T Rl 2 b v DA 5 X 53 k. 5243
Bréd Bnr i, 5 HoAth )7 5 4 B, A% 07 i FAUDR
PEREf e, AR AR, 7R 4R R 1400 1Y) Mpeg7 4 4
L ARLE T A A5 R R B bR AR LA S RN Al
BEAY R T 4.52%.2. 23% F 5. 06 % ; ZE4E B Ky
1799 ) MSRA25 %45 4 . FAUDR )8 BE A5 1
A H A BRI AE B 43 B HL 2R i B ZE AR T 4. 5704,
2.22% 0 4. 249 s FE4EE Ny 11 647 14 Reuters 3045
B b A TGS R R AR AL AT R R Al
SRR E T 6.49%.0.73% F 5.20%. 5 I [F B,
FAUDR [ 4 25 5L T % 0 (9 7 28 A0 2 Ir A i b 4

A TH T 25 8] 10 4 B 49 3% Bl m= 20. 1£ 4 B0 /NI FR 6 IR SR T TR 5 TE A BRI as AT I
RI FEFZEEEYBELNBE(PHURBEGREE)
B4 PCA LE LPP SR GLSRGE LSDUDR UPGO FAUDR
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Moca? 0.6976 0.6128 0. 6307 0. 6254 0.7104 0. 6707 0. 5523 0.7327
beg (0.0116) (0.0159) (0.0153) (0.0173) (0.0062) (0. 0290) (0.0115) (0.0039)
MSRAZS 0. 5965 0. 6025 0. 6889 0. 5456 0. 5584 0. 5549 0. 5990 0.7111
DRALY (0.0309) (0. 0389) (0.0282) (0. 0619) (0.0344) (0.0194) (0.0141) (0. 0099)
rexil 0. 0040 0. 0465 0. 0466 0.0286 0. 0648 0. 0005 0. 0008 0. 5275
ex (0.0028) (0.0078) (0.0078) (0.0232) (0.0095) (0. 0000) (0. 0007) (0. 0057)
PalmData2s 0. 8683 0.7818 0.9327 0. 5989 0.9022 0.9123 0. 7879 0. 9458
aimliatazo (0.0099) (0. 0215) (0.0074) (0. 0072) (0.0053) (0. 0052) (0.0125) (0. 0029)
data 05 0. 3999 0.5147 0. 4636 0. 4731 0. 4902 0. 5799 0. 5032 0. 6857
mnistdata_to (0.0166) (0. 0499) (0. 0157) (0.0178) (0. 0268) (0. 0145) (0. 0230) (0.0274)
Pomews 0. 0027 0. 0078 0. 0068 0. 0073 0. 0045 0.0013 0. 0012 0. 1150
news (0.0014) (0.0025) (0. 0028) (0.0023) (0. 0033) (0. 0000) (0. 0005) (0. 0036)
e 0. 5551 0.5719 0. 6622 0.7244 0. 6518 0. 6478 0. 6372 0. 7780
Sps 0. 0177) (0.0331) (0.0206) (0.0170) (0.0236) (0. 0054) (0.0238) (0. 0150)
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eaters (0. 0237) (0.0118) (0.0133) (0.0145) (0. 0289) (0. 0056) (0.0061) (0. 0043)




114 TRAEFELE . RIE [ IS 0 B gk 2301
RS HMEAFFEEABBELWAE(EHSEGREZ))
o PCA LE LPP SR GLSRGE LSDUDR UPGO FAUDR
Moca? 0. 4787 0. 4679 0. 4907 0. 4864 0. 5465 0.5135 0. 4387 0.5971
peg (0.0153) (0. 0150) (0.0163) (0.0103) (0. 0066) (0. 0056) (0. 0144) (0. 0033)
MSRASS 0. 5309 0. 5520 0. 5575 0. 4714 0.5376 0.5129 0. 5668 0. 6092
h 0 (0.0312) (0.0248) (0.0285) (0.0443) (0.0346) (0.0071) (0.0199) (0.0073)
rexil 0. 5062 0. 5283 0.5103 0.5164 0.5770 0. 5062 0.5145 0. 8983
ex (0.0026) (0. 0635) (0.0758) (0. 0230) (0.0092) (0. 0000) (0.0058) (0. 0017)
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Donews 0. 2542 0. 2586 0. 2549 0. 2559 0. 2554 0. 2627 0. 2643 0. 3756
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Background

High-dimensional data widely exists in real-life applica-
tions. As we all know, using high-dimensional data is time-
consuming and storage-intensive. Dimensionality reduction
is a vital technique to dispose high-dimensional data. This
technique can be divided into supervised, semi-supervised and
unsupervised methods based on the use of label information.
Since labeled data is difficult to obtain in real scenarios, and
manual labeling is expensive and inefficient, unsupervised
method is the most used among these three types. As an
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dimensionality reduction plays an important role in the fields
of machine learning, data mining and computer vision. Generally,
conventional graph-based methods construct similarity graphs
at first, and then explore low-dimensional subspaces non-linearly
or linearly on the pre-constructed fixed graph. However,
there exist some drawbacks. First, data in the real world
always contains noise and outliers, learning on fixed similarity
graph may lead to unreliable results that are rarely modified
during the learning process. Second, non-linear methods

cannot handle outliers and new-coming data. Third, although



11 4] SIRAK B SR RGN B G I e A 2305

the linear method solves the problem encountered by the
nonlinear method, the strict linear projection is too strict for
actual situations.

In this study, we propose a method named FAUDR,
to overcome the aforementioned drawbacks in graph-based
unsupervised dimensionality reduction. By introducing a
relaxation regression term, FAUDR can flexibly handle a
variety of data including noise and outliers. In contrast to
conventional works learn on fixed graph, we learn the similarity
graph by adaptively assigning the optimal neighbors for each
sample, and combining with the dynamically changing low-
dimensionality during the dimensionality reduction process.
The learned similarity graph can better explore the data

structure and serve for dimensionality reduction. It is worth

noting that we incorporate adaptive construction of graph and
flexible relaxation regression in our algorithm. The proposed
framework can learn an ideal low-dimensional representation
for unlabeled high-dimensional data, and is significantly
superior to several classical methods and current representative
methods in dimensionality reduction ability.
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