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Abstract  Imbalanced multimodal multiobjective optimization problems often contain multiple
equivalent Pareto optimal sets in the decision space. At the same time, the convergence of differ-
ent regions of decision space may differ, resulting in different search difficulties for each equiva-
lent Pareto optimal set. During the optimization process, it is easy to prematurely converge on
some easily searchable equivalent Pareto optimal sets, thereby losing other more difficult-to-
search equivalent Pareto optimal sets or failing to exploit the regions to which they belong suffi-
ciently. To address the challenges posed by the different search difficulties of equivalent Pareto
optimal sets and improve the performance of imbalanced multimodal multiobjective optimization,
this paper proposes a two-stage evolution based imbalanced multimodal multiobjective optimiza-

tion algorithm IMMO-TSE from the perspective of the balance between convergence and diversity
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in the decision space. Specifically, in the first stage, a dominance relationship relaxation method
is adopted to propose an individual convergence calculation strategy based on population average
dominance and adaptive weights with a truncation mechanism, which is beneficial for locating the
regions where equivalent Pareto optimal sets with different search difficulties belong more com-
prehensively. In the second stage, a niche method is adopted to propose an adaptive environment
selection strategy based on the convergence state of subpopulations, which promotes the balanced
exploitation of regions containing equivalent Pareto optimal sets. The performance of IMMO-
TSE is verified by comparing it with seven representative multimodal multiobjective optimization
algorithms on twelve imbalanced multimodal multiobjective benchmark test problems, sixteen

more difficult unbalanced multimodal multiobjective test problems, and one real-world applica-

tion problem. The IMMO-TSE source code is available on GitHub: https://github. com/CIA-
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o AR SRR AR AE L D R A AR R T BE G
B ACAR T I RE BT I S AL PSs BT FE X S0 iE A
A~ R T XS o7 X B R IR R AR TR — I BT
FEAV 45 %3 PSs BT X TF % 3kt G i0F Ak 5 B Y
R RS B By e A R X 2 A R
HHT R LM T,

3.2 ETWHBEEHIERYPMBERNE . HEHETN

il B A M5 S5 T B oK R

EE XA MMOPs H, 25 3E 38 2% % 30 PSs B
TE DX IS S8 A 2 5 O IO DX S8l X A A 380 A 1Y) Pk
i, IMMO-TSE £ 5 — B Be iy it fb i R T 2 5
(2) I 7 o 5 0 R SF- 349 S BC BRI AR L A
VBT ML A A A A S S5 T TR L 2 R R 3
B A AR E] Y S E 56 2R, DA SIE B 45 Mk B R TR 1) S 5K
PSs I 78 X 38 1) 42 11 22 43
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Convergence (p ,P) =
M—g/é
M

max(o,dom(p,P>—(1+ )dom(P))

(2)
v, Convergence (p ,P)FARANK p ZEFFEP 1Y
e skt g /NBUE R 0, dom (p o P)FRow p B P
FA AN A 37 B A B dom (P) TR P WP & AN K1k
HA A ASTBC 9 - 35 K. ¢ A0 M 3 531 2 TMMO-
TSE B9 24 i i AR U BRI e R % AR KL 0 S IMMO-
TSE i J5 WA~ B Be iy 40 S i
dom (p,P) BYTTHEARWT .
dom (p,P)= 2 Pdom (p .q) (3)

qEP.qFp
Hrr, Pdom (p o) T FIWTAEK ¢ 275 CRAME p -
1,if ¢ <
Pdom(p.qy={ 947 4)

0,otherwise

Hr,q<p FmAMq WHRIELBAE p .

XFFFBE P R AEK p Wi dom (p . P) B H
T I Y F M SO 22 AR 2R T A A AR A
FA ] P DL R p 76 90 358 3k 2 5k B w9 W I 14 7T
PR . T B S5 St Ak v, BT A X 3k ok
— SRR ] BEERE /N

M F A F M5 MMOPs #9348 &R X 38015 2 A4~ K
WC S AR T 5 2 1 X 38, 45 LB dom (p o P) Ml i
AN U SIOPE S TS ) T 0 M43 2% X B 1 78 IR K
HE T A DL 52 306F 3 48 F 45 2 PSs BT AE X 38 1 A AL
SEAL

NI A SCHE R 2 220 H A R Y Sk
— UL dom (p ,P) JyFeailt, P& AR LA 4K 24 5
(RIS SACTR 285 5 5 — O T 3 o 25 A T A 24 A R RO
I WEEL dom (P) L I R WL max (0, ") BR
FEWSCSIPE B B T B, T BR AR B BSOS A
S 1 Sy 48 2R X3 v A A S S 1 UL T X
E P 2% DX 8k A A e S G BB D) 30 A B R R Y
B . R 2 30 (2) AT SR BRI AS [ IX e A A i
SR B A 22 5, I B AR IS S0 Xof O Ak it A 19 5%
R A 3 A PP R A B BB S 19 R B S5 PSs,
DL G b 52 X 4% 2500 PSs I 7E X380 14 42 T8 7 467

55 I R A Bl 2 00 Ak o R A 52 A i E L 45 IX 380 T
AR R S SR B A 3 2 R B AT A% A A B A
AR S TR P OB 2 O BRI . Aok it K T B
SR RRAR A A SO 1 U, S B0l St R 5 R
it B Y A B R L 3 3K (2) SR 3E B RLCER (1 -+
(M— g /) /M) AE R FREL & A BEARTE SR — B B ik

A AEEE A A o 22 1) 24 BT B8 52 FE B dom
(P) WAL, BRI 5, 7690 b 56 i > R e st ot
S, iU B S HT AR T 1 B A A 2,
WG BlE AR g IS A B 2D N,
M HE N — B B B e — WA A R 1,
AL (2 LL dom (P ) Ay 56 W BE AR A 1A e S5 B
IR FE T dom (P) BEWE A3 R Z1 i) 24 /i A 19
FEARMCSICIRA , hy 5 3k AR A A W SR BT 19 U8
A DX B H LA AR AR . B RE A DR D R R B4
FFRATA VR W S M #F L 0 {8, 28 R A ARl Sk 22
SEAE LA 2k A b Y 5 S5 SR A BT AT S50 B D 2D
AV €N e N g 19 N O = RN
A [F) 4 2 B R 0 /D, TG 1 22 S A R ATROAS [m] X8 7Y
AR S B
A2 A R T BEARAS ] 0 B2 48 &R X
SR A AR S BRI 25 5 AHAR X 1T 5 B 48 2R X 3k
) ST S A R R S A SR R AR I o T M4 R X,
DAL T 7 5 — B Btk A 25 R RV SR A S (2) BE T
B b S BXT 45 45 8 PSs JTAE X 38 1 42 T E A7 L B BT
TEANL RS KRB R AAE R R P S E e 2 . R
I Ty 48 F X S R B AT 2 AR 8 22, HLIR K
PR AF X B AT, (H 22 B M 2 A X 5 25 5 A 2% Xk A~
PR W) 2 AR 3 /b , BSOSO AR e 22 L (H 2 RE 1
Y EROE 3 TR
3.3 ETFTFMBUSKENBEENINEZERE
B AP MMOPs H, dfi 48 22 45 54 PSs T 78
DX IS S5 B 2 L T RO I DX 8 HE D AT RO i
i, IMMO-TSE 7 55 — B Bt 3#F 1k v 3 3 /N A 58 7
AR TEE 2 R ET FR B SCRER A
TV P A B R WL LS I X 45 K B O ] I A AR
PSs BT 75 X i 4 #5 F
ik 2. AiE N
WA XRFRBES P, , TRFMBES O, , TAHEIL
SRS FIWr B E « FEER/N N
Wil MEEP
L ¥ P, U0, Fe AR LA AR H
2. fori=1to [P, |
3. Haw,[i1U0,,LiDNR MR =i ];
4. ¥ P, LiJUO,, Li i it =l 3w AS U S e A 1 43 51
AN T F1 S
5. end for
6. while |T|<<N do
7. WS iy T A AR SRS A T IR X
AR S B
8. end while
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9. if 3i€ll,|P, ).zl 1< |R]|/IP,, |
ST 2R T ks N NN P
. else
FEFIERN N T FiEsE N DR P
. end if
Bk 2 HAER KR FREEES P, IR

TRBES 0., WIFESD A 2R3k 3R A ik
AEERTCER 11D . R . B —1tEEBANLNTF
FiE P, L |5 UM O, L IWIFE TR T R
MITRANE LGS 31 0¥ P, i JUO,, [i I
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TR BT B S A R Al SRR T T IR E
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A2 T Al X R A R 3 DX Y T ) B
J7 e SN 4 PSs i 78 X 3 1 ¥ i & . AH I, A
T AT 7 FhE T 1 24 A 4 R IR S AR R T Y
{8 « 54 TR BE Y104 )R AE S AR BT 218 19 3fe
L, U BH 2% 1 FPRE T X6 7 X 3824 i A i SRR B 2 S
FEAE X 55 /N [N 2T kAR A R B AL AN
o BUAD G T e 2 X Y JF &, BV AT SE XS 4 PSs B
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4.1 RIEigIt
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S Hbr, = HARF H AR 12 A0 e g,
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@y 4 0.6 0.15 0

X ERSSHEE

7 Ak MMEAs #5 H] 5 IMMO-TSE #17
XF s 4 31 5 DN-NSGAIT® | BOEA™ | MMOEA-
GPD'" | CMMO"* | MMEA-IES™" | FPITSEA™"
1 CPDEA™ , H: v, DN-NSGAII & £ it () MMEAs
B¥L . MMOEA-GPD 78 5 %5 ] h ik 47 2 FE 2
FIAMSR L. BOEA & 3 F /N A B8 4 R 1 55
CMMO SR I 32 Bic 56 & 58 77 i i 5k . MMEA-
IES il FPITSEA J2 AN AE/INAE 35 3 Rl P A7 5t 05 Sl 1)
k. CPDEA J& &[] [ AFff MMOPs 5%,

KPR . S IS £ B RS A ST
f) 38 FH M2 . IMMO-TSE 5 4% % 83 ik 76 4% 3K
[P R 0 o A R /0N R e R VT Ay Tk KR AT AH [ Y i
B.R2PR, KXBEFNEREFHSHEEE
mak 3 PR, i D USRS s 4E 5, 5% A
B S80S G SCER R FF— 3. IMMO-TSE

I B B o B 6 BCE N 0. 4L TR R SCIR 2
FIWr B « EH 0.7,

F2 MBRNMREXITHREEE

ER7N TR R /NN B R IPAG A (MD
—HFF 60 18000
= H® 120 36000
g B tr 240 72000

x3 ZXERSHRE

e € SRl
AEXMEHCP ) 1
RSP, 1/D

XA R () 20
SRR (,,) 20

HH BB RS Intel(R) Core(TM)
i7-7700H CPU, 64GB RAM, ¥k {4 3£ 55 Jy Window
10 F 4 PlatEMO"" \MATLAB 2021b,

(DI R br

2 B 235 2 B bR Ak SR 4 38 A0k i
IGD"" #8451 HVE 45 b ffif it IMMO-TSE 546 %}
PO B 4G PF 5 92 PF 7E H Ar2s 18] /9 322 31
BE RIS B EE ] IGDXY 48 4R R PSPUY 45 A
i it IMMO-TSE 5 5 X%} b 3805 B 15 552 PSs 5
FLYLAE R PSs AR R 25 (8] B $ 0 FR JE M3 ) R
fili F IGDM"™ $5 bR 28 A i Bt IMMO-TSE 1546 %t [
B R4S PF.PSs 5 E 92 PF,PSs 78 H A5 25 1] 5
RS M IR R I S %, IGDM BT —4
oA THESE PF LS % 8. 08842 % 0
T DR 5 25 () o X 87 4 i T 20 A A A1 R 2 2 4
NISCEPE | AR s ] 22 B v R0 e 5 2 1) 2 R 1 = A
5 TR S AR AR 1 R AT 25 A T

FREAR L IGD IGDX F1 IGDM Ay {i i /N %
TREVEPEREBUE , HV FIl PSP A9 (i 8 R 36 78 3 1
e AT

FEA DR B L, B A Sk B Al ST 38 47 30 IR,
K8 A5 KR 95 % 9 Wilcoxon Bk Fl A 86 Al
Friedman ¥ 55 % IMMO-TSE 45 £& %t Lb & 3 1
PEREVEAT AT L. A5 57— R =70 5 R Xt
R LM PERE ] AL T .4 TRLERIT IMMO-TSE,
4.2 ITLbXE
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£ 4 IMMO-TSE 5 7 4 x4tk &%k 75 IDMP 3K (6] 3 _E 30373547 30 XX 3KE R IGD HEMirfE =
Problem DN-NSGAII BOEA MMOEA-GPD CMMO MMEA-IES FPITSEA CPDEA IMMO-TSE
IDMPM2T1 1. 6833¢-3 1. 6647¢-3 1.3741e-3 1. 4083e-3 1.6829e-3 1. 3938e-3 1.5838e-3 1.2993e-3
(9.09e-5)— (2.09e-4)— (1.53e-4)= (2.03e-4)= (7.45e-5)— (4. 64e-5)— (1. 05e-4)— (4.96e-5)
1.6671e-3 1. 6284e-3 1.5813e-3 1. 4831e-3 1.7349e-3 1. 3835e-3 1.4689%e-3 1.2768e-3
IDMPM2T?2 ~
(8. 24e-5)— (1.49e-4) — (1. 11e-4)— (2.0le-4)— (9. 27e-5) — (5.43e-5)— (4. 60e-5) — (3.96¢-5)
IDMPM2T3 1. 8305e-3 1. 6076e-3 1.5133e-3 1. 6248e-3 1.7636e-3 1.6152¢-3 1.5737e-3 1.3523e-3
(2.09e-4)— (2.13e-4)— (9.13e-5)— (7.43e-5)— (7.08e-5)— (9.51e-5)— (7.08e-5)— (3.08e-5)
1. 6923e- 1. 5823e-: 1. 2e- 1. 3295e-: 1.6726¢ 1.4200e-: 1. - . -
IDMPM2T4 6923e-3 5823e-3 3602e-3 3295e-3 6726¢-3 4200e-3 5436e-3 1.3088e-3
(9.57e-5)— (2.43e-4)— (1.57e4)= (1.63e-4)— (8. 44e-5)— (2.07e-4)— (1. 03e-4)— (8. 58e-5)
8.4232e-3 7.1166e-3 7.1347e-3 7.4850e-3 7.6890e-3 7.4264e-3 6.7895e-3 6.5360¢-3
IDMPM3T1
(2.73e-4)— (2.77e-4)— (3.09e-4)— (2.21e-4)— (2. 26e-4)— (2.06e-4)— (1.54e-4)— (1.57e-4)
8.4470e-3 7.0885e-3 7.4732¢-3 7.5920e-3 7.5721e-3 7.4428e-3 6.7035e-3 6.4900e-3
IDMPM3T2
(3.61le4)— (2. 24e-4)— (2.13e4)— (1. 64e-4)— (2. 11e4)— (1. 71e-4) — (1. 18e-4)— (1. 42¢-4)
8.4645e-3 7.0793e-3 7.4091e-3 7.5578e-3 7.6407e-3 7.4489e-3 7.1193e-3 6.4608¢-3
IDMPM3T3
(4.73e-4)— (2.58e-4)— (2.23e-4)— (2.06e-4)— (1.90e-4) — (1. 75e-4) — (1. 75e-4) — (9. 28e-5)
8.3327e-3 7.0996e-3 7.0605e-3 7.4097e-3 7.7183e-3 7.3496e-3 6.7124e-3 6. 4486¢-3
IDMPM3 T4
(2.67e-4)— (2.49e-4)— (2.73e-4)— (3.03e-4)— (3.25e4)— (1. 78e-4) — (1. 40e-4) — (1. 05e-4)
8.0892e-3 6.2999¢- 5.8721e-3 7.1742¢-3 8.7378¢-3 6.6765e-3 6.2035e-3 6.0491e-3
IDMPM4T1
(4. 44e-4)— (2. 04e-4)— (2.32¢-4)+ (1. 30e-4)— (2. 36e-4)— (1. 15e-4) — (1.11e4)— (7.30e-5)
7.7690e-3 6. 3486e-3 6.0259e-3 7.0101e-3 8.3044e-3 6.5937e-3 6.0665e-3 6.0066¢-3
IDMPM4T2
(2. 15e-4) — (2. 30e-4)— (2.83e-4)— (1. 40e-4) — (2.67e4)— (1. 05e-4) — (7.95e-5) — (5.31e-5)
i 7.7468e-3 6.4905e-3 6.0134e-3 7.0130e-3 8. 3458e-3 6.5688e-3 6. 4888e-3 5.9906e-3
IDMPM4T3
(2.32e4)— (2. 34e-4)— (2.81e4)— (1. 84e-4)— (2.88e-4)— (1. 18e-4) — (1.13e-4)— (5.99¢-5)
7. 69 — . 4de- . 8770e- 7.0303e- . — . 5050e- .2131e- 5.9945e-
IDMPM4 T4 6958e-3 6. 3834e-3 5.8770e-3 303e-3 8. 8663e-3 6.5050e-3 6 3le-3 5.9945e-3
(2.05e-4)— (2.06e-4) — (2.35e-4)+ (1.50e-4) — (4. 20e-4) — (1.23e-4)— (1.50e-4) — (6.27e-5)
+/—/= 0/12/0 0/12/0 2/8/2 0/11/1 0/12/0 0/12/0 0/12/0
£ 5 IMMO-TSE 5 7 433 bk &£ 7€ IDMP s 8 @ _E 3 5735 97 30 R 3RE R HY HEMREE
Problem DN-NSGAII BOEA MMOEA-GPD CMMO MMEA-IES FPITSEA CPDEA IMMO-TSE
5.7576e-1 5.7614e-1 . 7825e-1 5.7809e-1 . 7551e-1 5.7773e-1 . 7620e-1 . -
IDMPM2T1 5.7576e 5.7614e 5.7825e 5.7809%e 5.7551e 5 3e 5.7620e 5.7856e-1
(6. 14e-4)— (1. 71e-3) — (1. 18e-3)= (1.54e-3)= (7.37e4)— (7.68e-4)— (1.38e-3)— (6. 86e-4)
5.7628¢ 5. 7654¢ .7703¢ 5. 7790e- . - 5. 7800e- L7781 . -
IDMPM2 T2 5.7628e-1 5.7654e-1 5.7703e-1 5.7790e-1 5.7510e-1 5.7800e-1 5.7781e-1 5.7903e-1
(5.23e-4)— (1.13e-3)— (6. 80e-4)— (1.23e-3)— (6.77e4)— (5.17e-4)— (4.37e4)— (4. 63e¢-4)
IDMPM2T3 5.7527e-1 5.7685e-1 5.7746e-1 5.7666e-1 5.7492¢-1 5.7644e-1 5.7666e-1 5.7847e-1
(1.29e-3)— (1.53e-3)— (7.34e-4)— (5.61e-4)— (7.18e-4)— (6. 70e-4)— (4. 83e-4)— (2.49¢-4)
IDMPM2T4 ? 7629e-1 5.7709e-1 5.7857e-1 5.7875e-1 5.7540e-1 5.7768e-1 5.7688e-1 5.7854e-1
(5. 46e-4)— (1.86e-3)— (1. 11e-3)= (1. 14e-3) + (8. 34e-4)— (1.76e-3)— (1. 05e-3)— (8. 26e-4)
IDMPM3T1 2.5951e-1 2.6730e-1 2.6574e-1 2.6480e-1 2.6155e-1 2.6504e-1 2.6779e-1 2.6936¢-1
(3.07e-3)— (1. 61e-3)— (1.81e-3)— (1. 35e-3) — (1. 35e-3)— (1. 33e-3)— (1. 45e-3) — (1.70e-3)
IDMPMS T2 2.6092e-1 2.6825e-1 2.6597e-1 2.6624e-1 2.6320e-1 2.6647e-1 2.6988e-1 2.7164e-1
(2.11e-3)— (1. 14e-3) — (1. 24e-3) — (1.21e-3)— (1.19e-3) — (8.50e-4)— (8.56e-4)— (7.35e-4)
IDMPMS T3 2.6120e-1 2.6709e-1 2.6595e-1 2.6620e-1 2.6213e-1 2.6659e-1 2.6590e-1 2.7164e-1
T (1.99e-3)— (1. 64e-3)— (1.13e-3)— (1.01e-3)— (1.21e-3)— (1. 04e-3)— (1.21e-3)— (6.23e-4)
2.6286e-1 2. 6858e-1 2.6789%e-1 2.6708e-1 2.6124e-1 2.6674e-1 2.6927e-1 2.7115e-1
IDMPM3T4 86e 858e e e e e e Se
(1.52¢3)—  (1.32e-3)— (L.49e-3)— (L.56e3)— (2.43e3)— (1.15e-3)— (1.50e-3)—  (7.46e-4)
2.3552e-1 2.4699e-1 2.4 -1 2.4104e-1 2.3052e-1 2. 4545e-1 2.4505e-1 2.4719e-1
IDMPMATI 3552e 699%e 809e e 3052e 45e 505e 9e
(4.51e-3)— (1.31e-3)= (1.17e¢-3)+ (9. 31e-4)— (1.90e-3)— (9.51e-4)— (1.10e-3) — (1. 04e-3)
IDMPMAT?2 2.3923e-1 2.4762e-1 2.4725e-1 2.4455e-1 2.3381e-1 2.4633e-1 2.4761e-1 2.4852¢-1
(2.22e-3)— (1.23e-3)— (1.15e-3)— (7.66e-4)— (1.79e-3)— (7.58e-4)— (6.92e-4)— (4.78e-4)
IDMPMAT3 2.3891e-1 2.4580e-1 2.4748e-1 2.4426e-1 2.3385e-1 2.4648e-1 2.4392e-1 2.4880e-1
(1. 65e-3)— (1. 83e-3)— (1.53e-3)— (9. 04e-4)— (1. 66e-3)— (6. 98e-4) — (9. 18e-4) — (4. 65e-4)
IDMPMAT4 2. 3860e-1 2.4731e-1 2. 4826e-1 2.4379e-1 2.3090e-1 2.4669e-1 2.4593e-1 2.4804e-1
(2.11e-3) — (1. 34e-3) — (9.92¢-4)= (1. 04e-3)— (2.67e3)— (6. 10e-4) — (1. 34e-3) — (6. 67e-4)
+/—/= 0/12/0 0/11/1 1/8/3 1/10/1 0/12/0 0/12/0 0/12/0
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FECGH 4y AE A PSs MY R A BT K. MMOEA-
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FHT ZREMEAR 45 T 7E IDMPMA4TT A1 IDMPM4 T4
AT TP HALEL A PERE. CMMO 7£ IDMPM2T4
R ) AR AR T e HV BME . FEAE T 0
S0 s 2 ARG L TR S 28 T 4 ) A e L B 22
MR E Je 25, CMMO % SR BE B W) 5K
W, — ST L TR T 2 R B, 5y — > B e A ok e
WG R IEATHTBY 4 R, RE 5 A AU 55 H br 2 [
AN T) DX 3, s A figp B 2ok B 4R b, DTG BRAR T H A B AR
L1 fE .

%6 FIZE 7 2094 IMMO-TSE 5 7 4% b &
BAE 12 /> IDMP i 3 0] @4 |, ol 7 a5 47 30
A% 2 (1413 IGDX B FF- ¥ PSP {8 . A K 6] B A
WEZ M GEIT 25 5L A8 B A MK [n) B 1 i) e AR 25 S
HRRR .

# 6 IMMO-TSE 5 7 433tk &£ 7€ IDMP iR i) @ _E A7 3517 30 XK BRI IGDX ¥ EMirfEE
Problem DN-NSGAII BOEA MMOEA-GPD CMMO MMEA-IES FPITSEA CPDEA IMMO-TSE
IDMPM2T1 6. 2885e-1 2.4711e-2 2.5299%e-1 3. 6002e-1 2.0196e-3 2. 0784_ef3 2.0562e-3 1. 8292¢-3
(1. 70e-1) — (8. 76e-2)— (3.26e-1)— (3. 41e-1)— (1. 64e-4)— (6.73e-5)— (1. 16e-4) — (7.62¢-5)
6.0665e-1 3.8815e-2 4. 8850e-2 2.7050e-1 2.2802e-3 2.1524e-3 2.0555e-3 1. 8253e-3
IDMPM2T2
(2.05e-1)— (1. 26e-1)— (1.70e-1)— (3. 35e-1)— (1. 16e-4)— (1. 17e-4) — (7.74e-5)— (7.25e-5)
IDMPM2T3 2.7360e-1 2.1334e-1 7.5461e-3 2.6899e-3 2.7999e-3 2.5157e-2 3. 0469e-3 2. 6480e-3
(3. 34e-1)— (2.28e-1)— (5.96e-3)— (1.11e-3) — (2.68e-4)— (1.23e-1)— (3.51e-4)— (2.50e-4)
6.0647e-1 1.9074e-1 1.8877e-1 4.9435e-1 2.2331e-3 1. 3637e-1 2.0172e-3 1.8627¢-3
IDMPM2T4
(2.05e-1)— (2. 36e-1)— (2.97e-1)— (3.02e-1)— (5.77e-4)— (2.73e-1)— (1.69e-4)— (1.29e-4)
7.2980e-1 7.6950e-2 1.3175e-1 1. 0080e-1 1.1403e-2 1.2617e-2 1.1322e-2 1. -2
IDMPM3T1 80e 6950e 3175e 80e 3e 617e 322e 0680¢
(2.53e-1)— (1.35e-1)— (1. 80e-1) — (1. 20e-1)— (7.40e-4) — (2.93e-4)— (1. 83e-4)— (1. 85e-4)
4.2323e-1 7.5601e-2 1.1248e-2 2.7216e-2 1.1508e-2 1. 2811e-2 1.1355e-2 1. 0734e-2
IDMPM3T2
(3.00e-1)— (1. 24e-1)— (3.02e-4)— (6.15e-2)— (5.62e-4)— (3.12e-4)— (1.87e-4)— (1. 80e-4)
4.9381e-1 1.2291e-1 1.4032e-2 3.0116e-2 1.2225e-2 1.5432e-2 1.2416e-2 1.3636e-2
IDMPM3T3
(2. 74e-1) — (1.97e-1)— (6.33e-4)— (6.17e-2) — (6.12e-4)+ (3. 25e-4)— (3.92e-4)+ (1. 48e-4)
IDMPM3T4 5.5622e-1 2. 3848e-1 1.3953e-1 1. 2580e-1 1.1713e-2 2.0605e-2 1.1276e-2 1. 0650e-2
. (2.95e-1)— (2.21e-1)— (1.92e-1)— (1.79e-1)— (8.55e-4)— (4.39e-2)— (2.23e-4)— (1. 41e-4)
7.8324e-1 3.2279%e-1 9.5573e-1 1. 7369e-2 1.6703e-2 9.4791e-3 8.6361e-3 8.4034e-3
IDMPM4T1
(2.93e-1)— (2.95e-1) — (1. 81e-1)— (4. 84e-2) — (6.35e-3)— (1.51e-4)— (7.72e-5)— (7. 80e-5)
IDMPMAT2 7.4798e-1 3.4594e-1 8.3111e-1 4.4042e-2 1.2126e-2 9.5975e-3 8.7677¢-3 8.4513e-3
(3.17e-1)— (2.98e-1)— (3.05e-1)— (9. 15e-2)— (2.49e-3)— (1.54e-4)— (1. 08e-4)— (6. 62¢-5)
7.4062e-1 2.7431e-1 8. 3144e-1 2.6604e-2 1.3532e-2 9.5114e-3 1.1415e-2 8.4421e-3
IDMPM4T3
(3.32e-1)— (2.56e-1)— (3.03e-1)— (9. 75e-2) — (2.06e-3) — (1. 27e-4)— (2.49e-3) — (8. 66¢-5)
IDMPMAT4 9. 2487¢-1 4.1642e-1 9. 7525¢e-1 3.5449e-2 1.4991e-2 9.4515e-3 8. 7468¢-3 8.4202¢-3
(2.19e-1)— (3.20e-1)— (1. 81e-1)— (8.17e-2)— (4.59e-3)— (1. 40e-4) — (1. 36e-4)— (7.70e-5)
+/—/= 0/12/0 0/12/0 0/12/0 0/12/0 1/11/0 0/12/0 1/11/0
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1584 it A 2% i 2026 4F
%7 IMMO-TSE 5 7 4 3ttt &5 7 IDMP Uik i8] 88 _E I 373517 30 (35 PSP B {E iR E
Problem DN-NSGAII BOEA MMOEA-GPD CMMO MMEA-IES FPITSEA CPDEA IMMO-TSE
IDMPM2T1 3.2109e+1 1. 9902e+2 1.9328e+2 2.5811le+2 4.9727e+2 4.8103e+2 4.8692e+2 5.4678e+2
(1.22e+2)—  (1.15e+2)— (2.39e+2)— (2.8let+2)— (3.74et+1)— (1.58e+1)— (2.57et+1)— (2.11le+1)
4.4577e+1 2.4600e+2 4.3589e+2 3.2934e+2 4.3921e+2 4.6498e-+2 4. 8661le+2 5.4786e+2
IDMPM2T?2
(1.36e+2)— (1.12e+2)— (1.85e+2)— (2.74e+2)— (2.23e+1)— (2.42¢e+1)— (1.82e+1)— (2.05e+1)
IDMPM2T3 1.5747e+2 2.7952e+1 1. 9493e+2 3.9505e+2 3.5910e+2 3.4694e+2 3.3126e+2 3.7897e+2
(1. 60e+2)— (2.75e+1)— (1.12e+2)— (6.45e+1)+ (2.93e+1)— (6.72e+1)— (3.65e+1)— (3.33e+1)
4.7383e+1 5.9515e+1 1.7083e+2 1. 4661e+2 4.6689e+2 3.8232e+2 4.9803e+2 5.3840e+2
IDMPM2T4
(1.45e+2)— (8. 56e+1)— (2.13e+2)— (2.47e+2)— (8.25e+1)— (1.96e+2)— (3.32¢e+1)— (3.37e+1)
IDMPM3T1 6. 6687e-1 5.0610e+1 4.4619e+1 5.9375e+1 8.7863e+1 7.9261e+1 8.828%¢e+1 9.3569e+1
(9. 54e-1)— (2.62e+1)— (3.43e+1)— (4.33e+1)— (4.91et+0)— (1.8le+0)— (1.40e+0)— (1.58e+0)
1.3371e+1 4.8473e+1 8.8861le+1 8.4561e+1 8.7019e+1 7.8084e+1 8.8029%e+1 9.3065e+1
IDMPM3T2
(2.45e+1)— (2.79e+1)— (2.34e+0)— (2.20e+1)— (4.05e+0)— (1.90e+0)— (1.45e+0)— (1.57e+0)
IDMPMST3 7.0758e+0 3.9723e+1 7.0631e+1 6.6651e+1 8.1629e+1 6.4166e+1 8.0322e+1 7.2520e+1
(1. 74e+1)— (2.60e+1)— (2.82¢e+0)— (1.72¢e+1)— (4.08e+0)+ (1.38e+0)— (2.73e+0)+ (7.83e-1)
IDMPM3 T4 4.4015e+0 2.0472e+1 4.8068e+1 5.9055e+1 8.5639%e+1 7.6928e+1 8.8651e+1 9.3827e+1
. (1.28e+1)— (2.66e+1)— (3.86e+1)— (4.33e+1)— (5.89e+0)— (1.39e+1)— (1.75e+0)— (1.22¢+0)
IDMPMAT1 6.6510e-1 2.0164e+1 1.0811e-1 1.1351e+2 6.7396e+1 1. 0552e+2 1.1580e+2 1.1901e+2
(9. 80e-1) — (3.12e+1)— (2.17e-1)— (2.09e+1)— (2.14e+1)— (1.68e+0)— (1.04e+0)— (1.10e+0)
[DMPM4T2 3.3847e¢+0 1. 7149e+1 2.1468e+0 9.9251e+1 8.5344e+1 1. 0422e+2 1. 1407e+2 1. 1833e+2
(1.47e+1)— (3.1let1)— (8.70e+0)— (3.83e+1)— (1.49e+1)— (1.67e¢+0)— (1.40e+0)— (9. 30e-1)
IDMPMATS3 3.7516e+0 2.4122e+1 2.0797e+0 1. 0989%e+2 7.5455e+1 1. 0515e+2 8.9845e+1 1.1847e+2
(1.60e+1)—  (3.03e+1)— (8.75e+0)— (2.06e+1)— (1.09e+1)— (1.42¢+0)— (1.12¢+1)— (1.21e+0)
IDMPM4T4 1.8966e-1 8.6491e+0 1.0581e-1 1. 0406e+2 7.1471e+1 1. 0582e+2 1. 1435e+2 1.1877e+2
(3.00e-1)— (1.91e+1)— (2.07e-1)— (3.43e+1)— (1.67e+1)— (1.57e+0)— (1.76e+0)— (1.09e+0)
+/—/= 0/12/0 0/12/0 0/12/0 1/11/0 1/11/0 0/12/0 1/11/0
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7 1 BT LT W B AR P 2S£ BEs 1k 1585
% 8 IMMO-TSE 5 7 A xf Lt &£ 7£ IDMP iUl (8] 38 _E 0 37 3547 30 R IKF A IGDM ¥ E IR =
Problem DN-NSGAII BOEA  MMOEA-GPD  CMMO MMEA-IES  FPITSEA CPDEA IMMO-TSE
IDMPM2T1 4. 7155¢-1 8.1247¢2 2.2715¢-1 2.7428¢-1 1. 4475¢-2 1.4745¢-2 1.4726¢-2 1.2991e-2
(1.24e1DD— (1.0deD—  (2.2leDD— (2.49¢1D— (1.18e3)— (4. 8led)— (8.93e4)—  (6.03e-4)
1.5523e-1 7.1889¢-2 6.0097e-2 2.0881e-1 1.4286e-2 1.4844e-2 1.4014e-2 1. 2756e-2
IDMPM2T?2
(1.49e 1) —  (1.26eD)— (1.32e1)— (2.44e1)= (7.05e4)— (7.42e¢4)— (4.33ed)—  (5.03e-4)
2. 2355¢e-1 3.1846e-1 4. 8433e-2 1.6285e-2 1.5775¢-2 3.2418e-2 1.8147e2 1.6707e-2
IDMPM2T3
(2.35¢1)— (1.74eD)—  (3.94e2)— (7.42¢3)+ (1.72e-3)+  (8.8%e2)= (2.22¢3)—  (1.67e3)
1.5526e-1 2.6971e-1 1.9861e-1 3. 7236e-1 1. 6073e-2 1.1272e-1 1. 4456e-2 1. 3245¢-2
IDMPM2T4
(1. 49e-1D—  (1.89e-DD— (1.99e1)— (2.20e-1)— (4.03e3)— (1.99e1)— (1.62e3)—  (1.06e-3)
6.0705¢-1 1. 8966e-1 2.0525¢1 1. 5880e-1 8.3273e-2 8.9812¢-2 8.0577e-2 7.6074e-2
IDMPM3T1
(1. 4leDD— (1.46eDD—  (1.42¢1D—  (1.09¢1D—  (5.79¢-3)—  (2.10e3)— (1.34e3)—  (1.50e-3)
1.2617e-1 1.8751e-1 7.8829¢e-2 9.1786e-2 8.2339e-2 9.0583e-2 8. 0262e-2 7.5692¢-2
IDMPM3T?2
(2.07e-1)—  (1.3leD)— (2.67e3)— (5.64e-2)— (4.59e3)— (2.36e3)— (1.35e3)—  (1.24e3)
IOMPM3T3 4. 8218e-1 2.3927e-1 7.9009e-2 9.2006e-2 8.1656e-2 9.0322¢2 8. 3765¢-2 7.5699¢-2
(1.89¢-1)—  (1.86e-1)—  (6.27¢-3)— (5.68e¢2)— (3.96e-3)— (2.31e3)— (2.0le3)—  (1.14e3)
5.2012e-1 3.5537e1 2.1251e-1 1.7343e-1 8. 6284e-2 9. 6546e-2 8.0191e-2 7.5623e-2
IDMPM3T4
(1. 74e-D—  (1.94eD— (1.56e1)— (1.40e-1)— (6.99¢3)— (3.95e¢2)— (1.60e3)—  (1.04e3)
6. 2233e-1 1. 0438e-1 7.2102e-1 .9017e-2 1. 2549e-1 . 7892e-2 .1956e-2 . 9884e-2
IDMPMATI 33e 38e e 6 e 549e 6.7892e 6.1956e 5. 9884e-
(1.54e-1)—  (2.08e-1)—  (8.40e2)— (4.18e2)— (4.59¢2)— (1.09e3)—  (6.65e4)—  (5.80e-4)
IOMPMAT? 5.9122¢-1 1.1321e-1 6.4317e-1 9.1083¢-2 8. 8695¢-2 6.7757¢-2 6.1301e-2 5.9601e-2
(1.79e-1D—  (2.02¢D—  (1.52¢1)—  (7.90e2)— (1.86e2)— (1.05¢3)— (7.47ed)—  (4.17e4)
5.7637e-1 3. 5844e-1 L 4491e-1 7.6115¢e-2 . 4906e-2 . 7133e-2 . 7498e-2 .9579¢-2
IDMPMAT3 5. 7637 3.5844e 6 e 6115e 8 6e 6 33e 6 8e 5.9579e-
(1.93e-1)—  (2.06e1)— (1.66e1)— (8.40e2)— (1.29¢2)— (9.07ed)— (1.62e2)—  (6.27e-4)
IOMPMATA 6.9786¢-1 1. 7364e-1 7.1809¢e-1 8.3613¢-2 1.1004e-1 6.7039¢-2 6.2241e-2 5.9631e-2
(1.05e-1D—  (1.98e-1)—  (8.93¢2)— (6.96e2)— (3.29¢2)— (9.67e¢4)— (1.23e3)—  (5.78e-4)
+/—/= 0/12/0 0/12/0 0/12/0 1/10/1 1/11/0 0/11/1 0/12/0
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2 4R 2026 4F

#*9 IMMO-TSE 5 6 MM E L 7E IDMP I3z (8] 1 _E 3 3735 1T 30 X 3K B A IGDM HEMIRE=E

Problem IMMO-TSE-V1 IMMO-TSE-V2 IMMO-TSE-V3 IMMO-TSE-V4 IMMO-TSE-V5 IMMO-TSE-V6 IMMO-TSE
= 4.2136e-1 4. 3774e-1 4.0507e-1 1. 1104e-1 2.2552¢-1 1.2720e-2 1.2991e-2
IDMPM2T1
(1. 86e-1)— (1. 69e-1) — (1.99e-1) — (1. 99e-1) = (2.47¢-1)— (2. 65e-4)+ (6.03e-4)
3.7229%¢-1 3.5595e-1 3.2333e-1 1. 7616e-1 1. 9256e-1 1. 2758e-2 1. 2756¢-2
IDMPM2T?2
(2.21e-1)— (2.29e-1)— (2.40e-1)— (2.35e-1)— (2.40e-1) — (2.0le-4)= (5.03e-4)
IDMPM2T3 3.0881e-1 2.4421e-1 2.5980e-1 3.5131e-2 7.7517e-2 1. 3803e-2 1.6707e-2
(2.42¢-1)— (2. 46e-1) — (2.47e-1) — (2.27e-2)— (7.44e2)— (3. 13e-4)+ (1. 67¢-3)
4.8677e-1 4.8672e-1 4.7037e-1 2. 4184e-1 2. 7449¢-1 2.9058e-2 1. 3245¢-2
IDMPM2T4
(8.92e-2)— (8.95e-2) — (1. 24e-1)— (2.49e-1) — (2.49e-1)— (8.95e-2)= (1. 06e-3)
IDMPM3T1 5.1217e-1 5.0458e-1 5.4352¢-1 1. 3766e-1 1.5106e-1 8.6325¢-2 7.6074e-2
(1. 47¢-1)— (1. 62e-1)— (1. 90e-1) — (1. 3le-1)— (1. 06e-1) — (1.95e-3)— (1.50e-3)
2.9377e-1 3.0020e-1 3.6069e-1 8. 4891e-2 7.5628e¢-2 8.5214e-2 7.5692e-2
IDMPM3T?2
(2.27e1)— (1.67e-1)— (1.97e-1)— (4.09e-2) — (1.24e-3)= (1.92e-3)— (1. 24e-3)
IDMPMS T3 3.0814e-1 3.1528e-1 3.5374e-1 7.7340e-2 9.0767¢-2 8.5109e-2 7.5699¢-2
(2.11e-1)— (1. 87e-1) — (2.29e-1)— (1. 95e-3) — (5. 68e-2)= (1. 88e-3) — (1. 14e-3)
4.8928e-1 5.2831e-1 5.0499¢-1 9.9753e-2 1. 8001e-1 8.5382e-2 7.5623e¢-2
IDMPM3T4
(1. 71e-1) — (2.08e-1)— (1. 74e-1)— (6.79e-2)— (1.28e-1)— (1.26e-3)— (1. 04e-3)
6.0044e-1 . 0819e-1 5.7 -1 . 0601e-2 1. 8269e-1 . 4245e-2 . 4e-2
IDMPMATI e 6.0819%e 5. 7663e 6.0601e 8269%e 6 e 5. 9884e
(1. 78e-1) — (1. 69e-1) — (1.47e-1) — (9. 22e-4) — (1.79e-1) — (7.18e-4) — (5. 80e-4)
= 5.2204e-1 5.6133¢-1 5.5318e-1 6.0706¢-2 7.4986¢-2 6.3589¢-2 5.9601e-2
IDMPM4T2
(1. 74e-1) — (1. 85e-1)— (1. 60e-1)— (6.40e-4) — (5.81e-2)= (7.47e-4)— (4.17e-4)
IDMPMATS3 5.6914e-1 5.1452e-1 5.6169e-1 6.0408e-2 6.7178e-2 6_3 3817e-2 5.9579e-2
(1. 88e-1)— (1. 98e-1) — (2.13e-1)— (7.48e-4) — (4.18e-2)= (5.62e-4)— (6.27e-4)
= 6.8659¢-1 6.2416e-1 6.2355¢e-1 1. 1408e-1 1.4374e-1 6.3674¢-2 5.9631e-2
IDMPM4T4
(1. 26e-1)— (1.91e-1)— (1. 34e-1) — (1. 3le-1)— (1.12e-1) — (6. 90e-4) — (5.78e-4)
+/—/= 0/12/0 0/12/0 0/12/0 0/11/1 0/8/4 2/8/2
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Problem DN-NSGAIIL BOEA MMOEA-GPD CMMO MMEA-IES FPITSEA CPDEA IMMO-TSE
IDMPM2T1’ 4.5521e-1 9. 6650¢e-2 3.1676¢-1 4.0500e-1 1. 6700e-2 1. 4882e-2 1. 4157¢-2 1.3667¢-2
(1. 49e-1) — (1. 21le-1)—  (2.23e-1)—  (2.00e-1)— (5.47e3)— (7.0le-4)—  (6.20e-4)— (1. 48e-3)
, 4.2270e-1 1. 6998e-1 2.0544e-1 2.9059%e-1 1. 7471e-2 8.0223e-2 1.4235e-2 1. 3393¢-2
IDMPM2T2
(1. 85e-1)— (1.82e-1)—  (2.12e-1)— (2.47e-1)— (5.93e3)— (1.69e-1)—  (6.40e-4)— (1.38e-3)
IDMPM2T3’ 3.3730e-1 3.3695¢-1 1. 0071e-1 8. 1214e-2 1.7272¢-2 4.9349e-2 1. 9062¢-2 1. 8884¢-2
(2.26e-1)— (1. 64e-1)—  (1.32e-1)—  (1.32e-1)= (2.36e-3)+ (1.24e-1)— (1.66e-3)= (3.37¢-3)
, 5.0417e-1 3.4725e-1 3.4369e-1 4.3773e-1 2.6870e-2 1. 7809e-1 1. 4357¢-2 1.4431e-2
IDMPM2T4 _
(1.58e-4)— (2.00e-1)—  (2.2le-1D)— (1.69e-1)— (2.26e-2)— (2.34e-1)— (1.37e-3)+ (3. 25e-3)
, 4. 4532e-1 1.1001e-1 8. 6484¢-2 8.4334e-2 7.8221e-2 9.0036e-2 8.0238e-2 7.5930e-2
IDMPM3T3
(2.19¢-1)— (3.89¢2)— (4.05e2)— (4.06e2)— (1.39e3)— (2.74e-3)— (1.19e-3)— (9. 63e-4)
, 5.4870e-1 2.1178e-1 1. 6469e-1 1. 7336e-1 8.0799e-2 8. 9583e-2 8.0135e-2 7. 6028e-2
IDMPM3T4
(1. 81le-1)— (1.54e-1)—  (1.07e-1)— (1.27e-1)— (4.33e3)— (2.74e-3)— (1.08e-3)— (1. 14e-3)
IDMPMATS' 6. 3686e-1 6.0811e-1 6.5308e-1 4.9204e-1 1.5169¢-1 6.7302¢-2 2.0060e-1 5.9597e-2
(1. 56e-1)— (1.45e-1)—  (1.53e-1)—  (1.45e-1)— (7.63e3)— (9.1le4)— (1.07e-1)— (5.10e-4)
, 7.2116e-1 6.9012e-1 6.6319¢e-1 6.1373e-1 1. 6726e-1 6.6997¢-2 2.6551e-1 5.9818e-2
IDMPM4 T4
(8.83e-2)— (1. 07e-1D—  (1.19e-1)— (1.5le-1D— (1.73e2)— (9.09e-4)—  (9.78e-2)— (4. 15e-4)
.7132e-2 .5334e-2 . 6622e-2 . 6654e-2 . 6587e-2 1. 2889e-2 . 7168e-2 1. 2046¢-2
IDMPM2T1 e 3 32e 3.5334e 3.6622e 3. 665 _e 3.6587e 889%e 3 68e 046¢
- (3.19¢-4) — (5.32¢-4)—  (1.30e4)— (5.76e5)— (6.19e4)— (5.0le4)— (2.55e-4)— (2.33e-4)
. 3. 7486e-2 3.4695¢-2 3.6605¢-2 3. 6649¢-2 3. 7467¢-2 1. 2657e-2 3.7237¢-2 1. 1892¢-2
IDMPM2T2_e _ _
(3.50e-4)— (9.55e-4)—  (9.90e-5)—  (9.69e-5)— (5.34e-4)— (2.54e-4)— (1.91e-4)— (1.22e-4)
3. 3848e-2 2.5595e-2 2.7393e-2 2.8124e-2 2.6956e-2 1. 3287e-2 2.7210e-2 1. 2343¢-2
IDMPM2T3,_e 3. 3848e 5595e 393e e 56e 3287e e 343e
(9.93e-3)— (6.51le-4)—  (5.17e4)— (3.77e3)— (3.23e4)— (4.16e4)— (1.87e-4)— (2.18e-4)
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Background

There are various types of multimodal multiobjective op-
timization problems in the real world. For example, the map
generation problem aims to automatically produce balanced
game maps with diverse layouts by optimizing four conflict-
ing objectives: fairness, playability, strategic depth, and in-
terestingness. The feature selection problem aims to identify
multiple equivalent feature subsets that simultaneously mini-
mize classification error and feature subset size while maintai-
ning diversity in solutions. The traveling salesman problem
aims to minimize multiple conflicting objectives including to-
tal travel distance, time and cost, while identifying multiple
equivalent optimal solutions in the decision space.

The imbalanced multimodal multiobjective optimization
problems are a type of multimodal multiobjective optimiza-
tion problems with different search difficulty levels for equiv-
alent Pareto optimal (PSs) sets in the decision space. During
the optimization process, it is easy to prematurely converge
on some easily searchable equivalent PSs, thereby losing oth-
er more difficult-to-search equivalent PSs or failing to exploit
the regions to which they belong sufficiently. To address the
challenges posed by the different search difficulties of equiva-
lent PSs and improve the performance of imbalanced multi-

modal multiobjective optimization, this paper proposes a
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two-stage evolution based imbalanced multimodal multiobjec-
tive optimization algorithm (IMMO-TSE) from the perspec-
tive of convergence. Where, the first stage proposes an indi-
vidual convergence calculation strategy based on population
average dominance and adaptive weights with a truncation
mechanism, which is beneficial for locating the regions where
equivalent PSs with different search difficulties belong more
comprehensively. The second stage proposes an adaptive en-
vironment selection strategy based on the convergence state
of subpopulations, which promotes the balanced exploitation
of regions containing equivalent PSs. The performance of
IMMO-TSE is verified by comparing it with seven represent-
ative multimodal multiobjective optimization algorithms on
twelve imbalanced multimodal multiobjective benchmark test
problems and one practical application problem.
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