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Abstract  Simulated annealing algorithm, which comes from the simulation of thermal motion of
metal at high temperature, is of deep theoretical foundations from statistical physics and gas
movement theory. Early theoretical researches for simulated annealing algorithm on convergence
analysis and time complexity analysis were mainly based on the Markov chain theory in the
random process, and only obtained the analysis conclusion in probability. Due to the simulated
annealing algorithm has statistical physical theory foundations, which can be used to analyzing
and modeling by a variety of mathematical and physical analysis methods. In this paper, the
algorithm is compared to the gas movement. By comparing the searching process of the simulated
annealing algorithm to the gas movement to the equilibrium state, the change of the function
value during the searching of the simulated annealing algorithm can be regarded as the particles’
relaxation process. Built on the classical gas transport theory, especially the BGK relaxation
equation, a relaxation time model for the algorithm is proposed and established. Thus, by solving
the model integrally and partially, some theoretical estimation is gained about the annealing
temperature and the Markov chain length setting of the algorithm. Based on the proposed relaxation

model, a two-stage annealing strategy including pre-annealing and full-annealing is raised to set
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the Markov chain length dynamically along the algorithm process. At the same time, a rough
estimate of the initial temperature of the algorithm is obtained. Therefore, based on the proposed
dynamical Markov chain length setting, we first analyze the running time complexity of a single
annealing process. Then, the relaxation time model is developed to analyze the total time complexity
of the algorithm by combining the set of annealing temperature and the pre-established dynamical
system models. Following the approach, the theoretical total time complexity of the simulated
annealing algorithm is derived, which is consistent with the early empirical conclusion summarized
from a large number of experiments. The time complexity of the algorithm is a constant related to
the complexity of the problem. In addition, a novel stop criterion for stopping the algorithm
process is proposed. Finally, to evaluate the theoretical analysis, several experimental studies are
presented on TSP-problem and CEC2014 benchmark functions. Firstly, the results show that the
Markov chain length setting by the dynamic method can be lower 30% total Markov chain length
than the empirical fixed setting method, and reduce the time complexity required by the algorithm
and it greatly improves the efficiency of the algorithm. Secondly, the results show that the stop
criterion is available for controlling the algorithm process. Under the dynamic Markov chain
setting method, the simulated annealing algorithm can stop searching in the case of multiple
consecutive small Markov chain length in the iterative searching process. Thirdly, the experiments
also show the time complexity of the simulated annealing, which is a constant related to the
problem dimension, is consistent with the empirical conclusion. In summary, theoretical and

experimental analyses effectively demonstrate that the relaxation model can be used to analyze the

time complexity of the simulated annealing algorithm in theory.
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Background

Simulated annealing algorithm, proposed by Metropolis
in 1953, has been achieved many results in algorithm design
and application researches. Currently, with the decades of
research and development, the theoretical researches for the
algorithm on performance analysis and time complexity analysis
are based primarily on the Markov chain theory in the random
process, which obtains the total time complexity of specific
problems. It hardly to get the interpretation of the operating
mechanism and deduce instructional improved strategy. Due
to mathematics and physics which have robust theories and
rich methods, and modern complex dynamical systems such
as dynamical systems and statistical mechanics are compatible
with the evolutionary dynamics of evolutionary algorithms.
These methods can be implemented to the theoretical analysis
of nature inspired algorithms.

In this paper, the relaxation model, which built on the
classical gas transport theory, especially the BGK relaxation
equation, is proposed and established to model and analyze

the simulated annealing algorithm. Thus, by comparing the
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searching process of the algorithm to the non-uniform gases,
the dynamical system models are established for the algorithm.
Analyzing the model by using the properties of simulated
algorithm, the time complexity of the algorithm and the
dynamic Markov chain setting mechanism are obtained.
Additionally, a novel stop criterion for stopping the algorithm
process is given. The numerical experiments show that the
relaxation models established in this paper are appropriate for
analyzing time complexity of the simulated annealing algorithm
in theory.
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