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Improvement of the Complex Mass Point Method
and Its Application in Automated Geometry Theorem Proving
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Abstract The complex mass point method is a new method for automated geometry theorem
proving which is based on operations among geometric points. The complex mass point method
can be used to prove most constructive geometry theorems efficiently, but so far it couldn’t deal
with nonlinear constructive geometry theorems. On the basis of our original work, we made
improvements to the original algorithm of the complex mass point method. We added some new
important constructions, implemented the improved algorithm again in software Mathematica to
be a new prover CMPP (Complex Mass Point method Prover). The results of more than one
hundred geometry statements show that CMPP can effectively deal with nonlinear constructive
geometry theorems and many non-constructive geometry theorems in addition to linear constructive
geometry theorems; moreover, CMPP runs more efficiently. Especially, CMPP can prove many
difficult geometry theorems (such as five circles theorem and Morley’s theorem) in a very short

time and can generate human-readable machine proofs.

Keywords automated geometry theorem proving; readable machine proofs; constructive geometry

theorems; the complex mass point method; CMPP

WeHs H 9 :2013-12-23 3 SR B BOR 12 H 1 - 2014-10-30. ARG 3 [ 52 1 SR AL 4 35 4 (11001228.11326212) | K “Ju-b =7 I 47 ZE Al
W98 JRALRI B H H 43 (2011CB302412) | [E 5 HARBF A 0L 4 -) 7 A I ik 4 T01 H (U1201252) B )™ JH Tl g & A BHAFF 3R] (2012A019) % B).
F 1985 AR Wk PRI b E R LE £ (CCP) & BY, BT 7 1) LA 1 S 4fE B 58 6402, E-mail: litaoshuxue@ 126. com.
S8 .U, 1982 AR W BRIB, R BRI 1 LA A S Sk, B, 1936 AEAR P E R BEBE L E BB S G A iR S
NRGE.



8 1 %

VAF  JLAT 72 BRI AR I W A2 2% 05 A 0 1O el ik R RE I Y 1641

1 5]

T

1985 4, e U e - Bl e s 4t 1 RO
IS 1Y 30 4% 4F [A], JLA] a2 $H AL 4% IE B A 58 A8 W &
JE ARBOEY CBUE LY RE A R0 W7 T8 P LA iy
0 FCAR s TV BUAD Y 4 R B Rl X AR B R
() B Ik B

B BRI R ELEF AR TRE AR
BT AR CF SRR A0 . 1% 5 15 & A e X
L A i R TLART A B RT S TE F BR X)
A LA 3 AL LA R Y IS AT 4 R R L R
PR R & SN E 2 TG DI RE S PN =

R T REAL FRTE 2 R R JL A A L, A SCHEC A
AR B A b X BT A B A O B AT T R,
FERRI AN T — LERE S AR 2 S B AL
HZSEARY) 8 5 5 AR 585 5 AE )7 55 E
DL AE [ T ) o (45 BT A 125 BB R 1 b 8 3R ORIk B3
2 AR LM ik AL L AR] i A0 % A 4 s Y LA i el

Ji BT A i L A TR B 5 1 2 7E Maple S 3Ly
TEGA D 212 W1 285 09 g A e 0 M as A7 3Rt k&
B, —BLPp K B R FBAE S 115 0 JLART i 8 A Sl
IR Z 0 = MR BN Z e LA B B AN
JUAu] i A0 A5 B A BB T BT A 125 A 5 3L 1Y) I ) P 5
BOAIL A UE B 38 O T A LA 2 O R A s H
A RT3 D RE M B B & B Mathematica
XF 22 70 = fA PRBURI 2 50 TG B 205 1 A BEA LBk R 1Y
PEHe. P A SCE il Mathematica Xof Bl A9 50 %
HLASIE B30 147 508 S B0 L B T8 1 LAl s B8
JIE B %% CMPP (Complex Mass Point method Prover).
XF EE A LA € B B A7 45 R R W], CMPP 1 fiff 2
RE ) 51T RCR A N JUH & X T 13 AL
TR E T AT R (B 3 AR S R SR 1 LA E B
CMPP 2688 7 i 1] Py 52 30 352 Bl s k]

A SCE 2 5 A 2 5 A Y B AR T B A AL Ak
VR HE 3 W G S AR L AR IR B AR 1 A S B A
BEUTES By s g A 4 5 4 15 49 CMPP FE ik i
JUAAT 5 AL 0k B o g 1 o O DA A 3 S [ 7 3
) T 4t 10 B s i ML AR IR B A iE 1T R 5 e X A
SCHEAT L4

2 BRRiE

T E - TR S 78 ALBL.Caoee,

HKFR LB NE T avbocs s FoR s 1
AB(E B-A) & s AABC (19 A ) ” 11 B Spanc
K.
2.1 BRREMNERRE

EX 1. XMNTHZLABAZED EWEE— K

CAYIR AL = DRI C L5 AB B H A

E— R ICD| = |AB|, H A-B-D 2 i 4 Jr
CE 1 rR). X J& CD FAR&E— . Ak

CX T X=(1—u—v) A+ (utoi)B.
CD
D
|ABI=ICDI
AC=uAB
X CX=vCD
A u C B

M1 EX1rRE

B 1 EEX 1 H 0<<u<<l,v>0 IETE, Y v<<0
X WAE AB #FJ7.

FAIFRIEI X=(0—u—vD) A+ (ut+vi) B 5
REOMA 1B R RO e A =X

MRl HC=0—u—v)A+(uto)B, WA

(D CXLAB, R X X=>(0—wA+
uB, B |CX|=|v||AB|. % v<<0, 0] A-B-C 5 JIil i
RO s 45 v=>0, 0] A-B-C 23 5 J5 [m].

(2) W P2 ANABC Fr e V-1 M AR B — A
A e — 1 R s 2

P=((—a—b)A+ (a+bi)B.

(3) # v=0,0] C,A,B = fidtgk ;2 v40,4
u=0 i}, /CAB=90°Y% u>0 i}, /CAB J&4i 1 ;
M ou<<0 W, SCAB J&46iff.

EM 2. % 0:arctan<

l“ﬁmﬁPQﬁﬁ
X

JE R Je f . Bl £ (PQ.AB) =05 H | x4+ yi | B

B2 1 B R = Ly | W PQ =

(x+ 2y (B-A).
ERk2 ¥KP-Q=(xt+y)(M—N),NFH
(D # y=0,270, 0 PQ || MN;
() #H x=0,y7#0, 0] PQ|l MN;
D F et yil=e, M |PQ|I=1t -
#h, =11 | PQ|=|MN|.

| MIN [ 531)



1642 it A" Bl % i 2015 4
ME3. HP=(Q—m—n)A+ (n+ni)B, Jll;uA+'v1P1 = (u+v)XAP, fyrpa4k)
Q=1—a—bi)A+(a+bi)B, PX | AB,QY | AB, l:uA + v, P, = (u+v,) X(AP, L),
ﬁ/@ﬁ%’]ﬂﬂ X’Y’mu l:s:uA+7}3P:% = <u+7}3)X(AP3 E/‘JEPE2£>

(HPX : QY=n* b;

(2) #F n7b, M PQ 5 AB A8 T — 5K O=
PQOAB, W (n—0O=nQ—0bP.

M4 WC=O—a—bd)A+(atbi)B,P=
(I—2—yDQ+ (x+yDR. NAH

(D # a=2=0.0/CAB= /PQR HEfi:

bl _ |yl wa _
Bl=]2| =

(DB a0, 2740, #

‘g‘w, JCAB = /PQR; % — & — ‘ i

b
y
/CAB+ /PQR=180°;
) # a=x,b=Fy. M ACAB 5 /\PQR 1.
ENX 3. WACAB 5APQR MM, #A AB-C
5 P-Q-R [ bt 506 i 5 7 ), W AR ACAB 5
APQR IEAEL; &0, FxACAB 5 /A PQR ¥ /L.

MRS EBAPQR 5ACAB L. C=(1—a—
bi)A-+ (a+bi)B.

(1) # /ACAB 5APQR IEMPL M P=(1—a—
bi)Q+ (a+bi)R;

(2) % ACAB 5 APQR i #H{L, W] P=(1—a+
bi)Q+ (a—bi)R.

MEG6. % P=(—a—bi)S+(atbiR,P=
(A—2—y)Q+ (x+yDR. FEa=2r=0 jiaﬂ:%

(dio E_ x?ﬁO) 9D‘\IJ P9Q3R’S D—II,"J—CT\:/':E
JoT a5 R R AN AN BE R JUATT i Z 18] 1 6 &R L I8
A B R R — B8 BT R BRE T ) LR AN A

MERT. B ws v A AL R X T
ALB.C = uA+oB=(ut o) C UM A B.o
[ 5 S u FE AN AR R . 5 C LS8 AB
R

MRS, B o P AL R X TP R

A,B,C =Z=E R (vtao)C—vA=2B, 4% A,C,v
[ 2 RS R B A fb i, S B L A L C Ry
L CA M.

MR WHRELEN

uA + v, P, = (u+v)X(AP, lhEL)

UA + 0, P, = (u+v)X(AP, flyhEg)
ME%&@%R%XZE%E%&.

MR 10, W3 FHLN

W ELER 4y o Lo+ Ls BT B = IR B9 500

0= Zgj Pi - v
=1 <'U,- — Ui+l )(7), - 'U,'+2> ’

T A PRIE SRR 7 98— PEBT 9 M 10 il
UsVy 5V vvsj‘jiﬁigﬁ H?ﬂﬁﬁﬁ@ﬁﬁﬁm vV —

%@ﬂ&ﬁ%ﬁ*Aﬁ%Eﬁﬁ$ﬁA%%1¢ﬁ

EIRPERT 7~ BT 10 i A 20 S Y B T RE
DA 35 1) 0038 Ak 3 G TR 22 A (B ) 4 3 78 LA iy AL
2.2 FRENSRIERE X

— kU B R AT LA 3 AR

(1) Ay 1. PR s 1 Y 7 Rl LA i B B Y
oy P e 22 A e &1 78 R 4 A 5

(2) Bl MRAE 2.1 95 vh i LA S B L o B AR Ay
VT ) A D R 1 B O R 3 ik s - A [
I AR AT o s 5K 2 T 9 3 5 DT 328 45 7 3
BB R R RFRIR L — H B H 0 A &
T B S b 2R3k Ok 5

(3) B . iy A 36 UE 1 /) B AG 56 pR 8 (I LA 3C
3.2 79 KA H i BRI (EOR ) i 4518 2 A 2
£ A W A 3 Y ot O JR AP TR B AR
HNL AR e R AT H R R
Jr it 45 .

W HEAEOUT R SR T IR W, 0 46 9 1 &
AR SE I AP gL (B AL B)L i 2.1 9
PERT 10 A — 450 B R ) BT o) AR I s X # AT
AR NEE R A B A G 7. Agiie X= 01—
a—bDA+ Catbi) B, iy “ ML H B 7 R 1 o —
M X5 4B —a—bisatbi)——Xth. X
H T A, B W BT X B R B AL ml 4 g 1 (1, 00
(0, 1) PRLIHG s — A JUAAT i i BT 347 B 2 79 4 350 1) e 0
REHR 2 5 Z AH L 1 £ 2.

TR FOE LA IE W Bk b W ] 3 A2 R s
B pnts.varlist Fl coordlist (5 FIACFTE S50
“RURTAICR R R S E R B IE B A R
TR

=573 W W87 R T A7

B« BESERE R — A JL A i 8L Y BT A A TR O A R

St < A PR A A I BT G R S TSR A I =

SRR 36 45 R
1. & pnts=0,varlist 253 coordlist 553




8 1 %

VAF  JLAT 72 BRI AR I W A2 2% 05 A 0 1O el ik R RE I Y 1643

2. WA EE A SIAPIA Bl S Ay Pr. Py U
pnts=2,varlist={ P, , Py} ,coordlist= {(1,0),(0,1) };
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Points[A,B];

Pointl[C,A,B,u,v];

Centroid[G,A,B,C];

Circumcenter[ OsA,B,C]

Brocard point{U,A,B,C];

Conjugatepoint{ K,G,A,B,C]

Conjugatepoint[V,U,A,B,C];

Relationd[O,U,0,V];

I fcongruenttriangle[ O, U,K,O,V,K];

I feoncyelicl K, U,O,V].
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3 AR AN AL Hy puts =2 varlist={A. B},
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1 ANABC TG G AL O FIE A ¥ R 5 Us
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Kt O.U, 0,V il & 19 5 5 28 50 TF 1Bt H 22
UERY SR — 4518 OU =0V 2B AL s JH R 1 fcon-
gruenttrianglel O,U,K,O,V, K] ¥ EW I =M
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RES
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The two basic points are: A, B.

C==0—u—iv) XA+ (u+iv) XB

G is the centriod of triangle ABC.

IXG==A+B+C

O is the circumcenter of triangle ABC.

(1—wu—1v)CGu+ v) «
2v

1—u+ ) (—w—+ v ¥ B
2v

U is the brocard point of triangle ABC.

O==

A S

K .G are conjugatepoints about triangle ABC.
V.,U are conjugatepoints about triangle ABC.

v O-—UA—utu—iv+*)
O—V= 1—u+u* +iv+ o

OV ==1X0U
AOVK >~ NOUK
1—u+u* +iv+<°

== a—utw o *VT
et XU

K== 1= g7 X0+
EE Tl

/KVU == /KOU,K,U,O,V are concyclic!
A, F AT e FAE B & CMPP 43 5l Xf JF 1 %
BRI s P SR E P R B R IR A A — R
JE JUAT € BEFEAT T B3k IFHETE Lenovo G450 (Intel
EAF 2 XU P7450,2 GBYHFSEAL B2 173X 5 A #
IR SE TS 1 B,

F 1 CMPPIERA 5 NAMEEJLMAEE WIS TE E

ER T ER HPEM SRR AR SRR
WfW/s  0.141  337.063  0.016 0. 157 0. 156
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B BB 25 45 R 00 R R S5 E L TTCIE AE A B
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thirty years,the research and practice for automated theorem

proving in geometry has been considerably developed. For
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statements in unordered geometry, the algebraic methods
(such as the characteristic set method, also known as Wu’s
method, the elimination method, the Grébner basis method,
the Clifford algebra approach and the numerical methods) can
effectively judge “True or False”, while the area method and
the search methods can moreover generate readable proofs.
After the area method, some other methods to produce read-
able machine proofs have been proposed, such as the vector
method, the full-angle method. the deductive database method,
the geometric algebra method and the advanced invariants
method. There are a few implementations for these methods.,
and researches in these directions are going on in depth. The
existing readable machine proving methods deal with geometry
problems using some geometric quantities. Recently, Zou and
Zhang proposed a new readable machine proving method—the
mass point method which directly deals with the geometric
points rather than the geometric quantities. The main idea of
the mass point method is to express the hypotheses of a
theorem using two or three starting points and a set of
constructions each of them introducing a new point (similar to
the area method), and to check whether or not the geometric

points (rather than the geometric quantities) appearing in the

conclusion satisfy a certain relationship (different from the
area method). Based on the mass point method, the complex
mass point method was also developed. Since the mass point
method mainly discusses the relationship of geometric points,
some particular characteristics which implied in some geometry
qualities (such as vectors or directed area of triangles) or
some basic geometry figures (such as complete quadrilaterals)
might be also revealed, which can help us to develop new
methods, in order to improve or to combine the existing
readable machine proving methods. The complex mass point
method can prove most constructive geometry theorems
efficiently, but so far it couldn’t deal with nonlinear
constructive geometry theorems. In this paper we make
improvements to the original algorithm of the complex mass
point method, and implement the improved algorithm again
in software Mathematica to be a new prover CMPP (Complex
Mass Point method Prover). CMPP can effectively deal
with nonlinear constructive geometry theorems and many non-
constructive geometry theorems; moreover, CMPP runs more
efficiently. The work of this paper is the beginning part of
our new project “Researches on new algorithms for readable

machine proving in geometry based on the mass point method”.



