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Abstract  Clustering is a fundamental task in data mining and machine learning, where the goal
is to partition a set of data points into clusters with high intra-cluster similarity. Among various
clustering formulations, the £ -median problem has received significant attention due to its con-
ceptual simplicity and wide applicability. Given a set of facilities and clients in a metric space,
along with an integer £ , the £ -median problem aims at opening at most £ facilities and assigning
each client to an opened facility to minimize the total distance between clients and their assigned
facilities. In many real-world applications, additional constraints need to be incorporated into the
k -median problem to account for domain-specific structures. One such example is in the study of
the spatial organization of chromosomes in cell nuclei, where it is common to analyze spatial pat-

terns of probe points extracted from homologous chromosomes within multiple cells. These
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probe points can be modeled as clients in an instance of the # -median problem, but it is necessary
to enforce that probe points from the same cell be assigned to different representative points. Mo-
tivated by this, the chromatic £ -median problem has been introduced, where each client is associ-
ated with a color (e. g. . representing the cell it comes from), and clients with the same color
must be assigned to different facilities. This chromatic constraint has been used to support more
accurate clustering in fields such as computational biology, privacy-preserving learning, and lo-
gistics planning. In this paper, we consider a more general and challenging variant of the prob-
lem, known as the chromatic (£ ,¢) -median problem, which additionally allows the removal of up
to ¢ outliers from the client set. This extension enhances the robustness of the clustering process,
particularly in real-world applications where input data may be affected by noise. However. the
simultaneous presence of the chromatic constraint and the requirement of outlier detection intro-
duces substantial algorithmic challenges, and no algorithms with provable approximation guaran-
tees are currently known for this setting. We deal with the chromatic (k£,¢) -median problem un-
der the leader-based framework for algorithm design, which has been widely applied to various
clustering problems. In this framework, the client closest to each facility opened in an optimal
solution is referred to as a leader. Candidate facilities are then selected from annular regions cen-
tered at these leaders. Existing algorithms based on this approach typically rely on coreset con-
structions to reduce the size of the client set, so that the enumeration over all possible leaders can
be performed within fixed-parameter tractable time. However, this strategy cannot be directly
applied to the chromatic (£,¢) -median problem, as no effective coreset construction is currently
known for this setting. As a remedy, we propose a relaxed notion of leaders, where it suffices to
find clients whose distances to the corresponding optimal facilities are bounded by a given thresh-
old. We present a sampling-based approach for identifying such weak leaders. Around each weak
leader, we construct a carefully selected set of candidate facilities and derive a limited collection of
candidate solutions. This enables us to propose a (3 +¢) -approximation algorithm that runs in
(40?2 time for the chromatic (% ,¢) -median problem. Notably, our result matches
the previously known result obtained in the simpler case without the chromatic constraint, in
terms of both running time and approximation ratio.
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Background

Clustering with outliers generalizes the standard cluste-
ring formulation in that it allows the removal of a specified
number of outliers from the set of points to be clustered,
which is crucial in many domains where data is affected by
noise or corruption. However, the added task of identifying
which points to exclude significantly increases the complexity
compared to the outlier-free counterpart. For instance. there
remains a considerable gap between the best-known polyno-
mial-time approximation ratios for the # -median problem and
its outlier variant. A commonly adopted strategy to simplify
such outlier-aware clustering problems is to assume that both
the number of cluster centers (also referred to as opened fa-
cilities) and the number of outliers are small relative to the
size of the input. More formally, these two quantities are
treated as fixed parameters, and the related outlier-aware
problems are solved in fixed-parameter tractable (FPT)
time.

In this paper, we focus on an extension of the £ -median
with outliers problem under the chromatic constraint, known
as the chromatic (k,¢) -median problem. The objective is to
open at most & facilities, remove up to ¢ outliers from the cli-

ent set, and assign each remaining client to an opened facili-
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ty, such that clients sharing the same color are assigned to
distinct facilities, and the total assignment cost is minimized.
We give a sampling-based approach to identify a set of clients
located near the facilities in an optimal solution. Around
these clients, we construct a carefully selected set of candi-
date facilities and derive a bounded collection of candidate so-
lutions. This yields a (3 4 &) -approximation algorithm that
runs in ((& + Oe ) n%? time for the chromatic (k,¢) -
median problem. To the best of our knowledge, this is the
first algorithm with a provable approximation ratio for the
problem, which matches the approximation and runtime
guarantees previously achieved in the case without the chro-
matic constraint.
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