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Abstract Low-rank representation coefficients regularized by the tensor-Singular Value Decom-
position (t-SVD) scheme for multi-view subspace clustering have achieved impressive performances.
However, all of them suffer from the following two common demerits. (1) They focus on exploring
the relationships among samples to construct representations which are then stacked to be a tensor,
whose computational complexity is at least O(n*logn) ; (2) They always deploy the standard spectral
clustering algorithm directly on the integrated representation, neglecting the prior knowledge of
different representations towards the final results. To tackle these problems, we propose a novel
Tensor Learning Induced Multi-view Spectral Clustering (TLIMSC) approach, where the spatial
cluster structures and complementary information are simultaneously explored. Specifically,
multi-view spectral embedding representations related from samples to clusters are focused to be

stacked in a tensor, where the complexity finally becomes O(nlogn). Later, a bridge would be
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built to connect the learned representations carrying different adaptive confidences with the final

consensus results. Extensive experiments on five datasets reveal the effectiveness and efficiency

of TLIMSC.
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F [0 B /MK (Alternative Direction Minimizing, ADM)
AL L. O T F Al o By R AZ AR o BOR L 5
A—AHi Bk A R ge R Ok i F L, 3K
Ta] RLRE = (4D Hp g AR B 7 3R AR O LA A Ak )

min y > Tr(FO'LYFO 4+ Tl »
.y v=1
s.t. FO'FO =1, F=7 (10)

HE— 20 b, b R RLAH B A 3G TRk B H eR AR
CIES4Y))

L(CF D=7y 2 ’I‘V(F('U)TL(U) F®)+ H ij*J_i_

2

b
F

£l (#+2)

s.t. F'Fo =] (1D



58 it "

Hl

i 2024 4F

o
-

Horh Qe RV B Y H AR 070 T T
i B T 5 A/ P W L FEAT T LA K (L) o g
R 9 UL T A T 1) B 3R U5 S8R U AL A A it

T F V. e [ A L 7 T L A
T ) K 557

1 1 °
mjmp”j”w'%_’_ZHJ (’7:+p> )

R TR AR bR A K A B R /M TR 7
I ALV A H

EE 1D, BEYERHSVDERY =
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X' =T, (D) =Uxifft(P,,, (A)) % V" (16)
Hp A=fft(A,[],3), P, (A E—4 k&, Hp
P..,(A")YFER P, (WIS i DIEmEYF.
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0T (o
poTpw

F I

(v)
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. l 2 (v) (v) || 2 I
g%;%WWHWRIM
SV 2T, (PTFORY) (31)
o=1 v
WA FPEInd FIF V' FY =1 {2y, (31)
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AR GBOH TR, B LLRATA LA IS
S S R A SR AR SICE S IR HLAS S A
BHE AR Y 22 56 WS S5 Sk 35 i T PR 4 i
AT A.
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Matlab R2016a SZ 8. TLIMSC J5 3= [ V5 1% 55 Fn fp
FH B S B4 4 AT LA https://pan. baidu. com/
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TLIMSC J5 3 #EAT FL A - 23 300 o0 4> 1 141 /)
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[a] 28 25 75 (Consistent and Specific Multi-view Sub-
space Clustering, CSMSC)M | LTMSC™ | ¥ 78 £
ME T 23 6] 88 25 J7 % (Latent Multi-view Subspace
Clustering . LMSC)"*" T e A R AH L4 i1 2 41
KT 25 [8] B 25 7 i (Multi-view Subspace Clustering
with Intactness-Aware Similarity, MSCIAS )™ |
HeT A & N AT 4B 2 W 2 2] J7 i (Multi-view
Learning with Adaptive Neighbors, MLAN)M2) | 3t
T & 1 £ B R 25 75 3 (Graph-based Multi-view
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Z AP T 5 8 A AR R 5K i 2 ) U5 12 (Essential
Tensor Learning for Multiview Spectral Clustering,
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25 ¥ A Bk 7K == ) 7 3 (Low-rank Tensor Approx- 4 UCIHESE FHTitas
imation with Local Sructure for Multi-view Intrinsic . B 4E UCT
Jrik ACC NMI Fscore ARI
< : (58] C s
Subspace Clustering, LTALS)™. SC1 0.6176 0. 5858 0.5063 0. 4510
TR 5 v A B R R TLIMSC 5 25 sC2 0.6847  0.5874  0.5542  0.5044
SC3 0.5168 0. 4897 0. 4271 0. 3628
> N N - I
B 1A R BT IR AT T 20 KSR IR FeaCon 0.5919 0.5767 0.5152 0. 4603
AT O e TR SR e ey CoTr 0. 8401 0. 7961 0. 7799 0. 7549
R e b e i RMSC 0. 8599 0. 8225 0. 8006 0.7779
AR A BE L IR A RS PE R I L FRATTHE 233 CSMSC 0. 8826 0.7877 0.7841 0. 7600
b 1 " , e LTMSC 0. 8004 0. 7689 0. 7489 0. 7206
Beis 47 10 LB RS I & 3
(ESTRIE AT 10 UC AW A5 U5 i B BL A J e LMSC 0. 8566 0.7837 0. 7628 0. 7364
M. ST RAT T, IRk, S8 vy 7 MSCIAS 0. 9766 0. 9469 0.9533 0. 9482
MLAN 0. 9680 0.9258 0. 9370 0.9301
43 ; =10 1 % i 25 B
0. 2,3 A% 7 BBl PN 11 3, A [R) A0 8 % o7 ) 7 S A A E GMC 0.7355 0. 8153 0. 7134 0. 6770
w 16 (0, 70T N 8 % g F A4 [\ 0 B 0 8 A TR WTNNM 0. 9965 0. 9904 0. 9930 0. 9922
o ) i L tMSC 0. 9960 0. 9891 0. 9920 0.9911
ALM pR B AL 19 45 51 IR 7 o 28 B [ ok (0. 003, ETLMSC 0.9339  0.9610  0.9393  0.9321
0. 005, 0.008, 0.009, 0.03, 0.05, 0. 08, 0.09, LIALS 0 0.9950 0 0-9866 0.9900 0. 9889
TLIMSC 0. 9990 0. 9973 0. 9980 0. 9978
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¥1ﬁ~ ;j:E )F/]‘ ik ACC NMI Fscore ARI
XﬂLﬂ:ﬂzﬁl\Tabeﬁ»ﬁﬂ]EfﬁT IEIWTLYZ@JEH SOEf=R 7D SC1 0. 1601 0.0392 0. 1150 0.0149
e b A A B S - 6 HI A . SC2 0. 1542 0. 0386 0.1186 0.0118
HRLREVE Al RIS BE - BI Ml 1 (Accuracy . ACC)., SC3 0. 1406 0.0316 0. 0983 0.0115
IH—{kt . {Z B (Normalized Mutual Information, SC4 0.1543 0. 0404 0.1048 0.0156
SC5 0. 1400 0. 0353 0.1115 0.0110
Sk ) \ . v .
NMD .F 43 % (Fscore) Al ifi £ 45 ¢ 4 % (Adjusted SC6 0. 2384 0.1134 0.1394 0. 0584
Rank Index. ARD . %} [ 3R A (0 54k 5 it 58 5 FeaCon 0.2438 0.1181 0. 1427 0. 0619
- b o) s o CoTr 0.3122 0. 1782 0.1821 0. 1057
HE 2 7R 4 I RSP RE . i T B A PEAL 48 A5 AR RMSC 0. 2496 0. 1240 0. 1460 0. 0676
A AE 5 4 2 oK 4k 44 o2 T s o CSMSC 0. 2597 0. 1400 0.1677 0. 0866
2T SR 160 SR A R T A P AT LTMSC 0. 2473 0.1245 0.1543 0.0735
B] DL o DY RO 5] 38 bR R B B A B 2R 4 R ok 3k LMSC 0. 2597 0.1283 0.1519 0.0746
MSCIAS 0. 2230 0. 1187 0. 1420 0. 0550
A= SEA
53 B 4 AT 1 PP A MLAN 0. 2552 0. 1592 0.1775 0. 0444
4.2 XfLbscig GMC 0. 1650 0.1224 0. 1592 0.0124
e . . WTNNM 0.5219 0. 3638 0. 3505 0. 2909
223 BR T oyl T A IO B R R R {MSC 0. 4686 0.3434 0.3226 0. 2597
%J: 7Té FH Zi IEJ gé % jj‘{f 1%1; @J EI,(J 3‘% ;J: ACC\ NMI. ETLMSC 0. 8357 0.7728 0.7491 0. 725?
B LTALS 0.1604 0.0713 0. 1701 0. 0243
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Irik ACC NMI Fscore ARI 1k ACC NMI Fscore ARI
SC1 0. 6500 0. 7983 0. 5285 0.5169 SC1 0. 4256 0. 4050 0. 3179 0. 2673
SC2 0. 7744 0.8911 0.7120 0. 7049 SC2 0. 3435 0.3515 0.2511 0. 5000
SC3 0. 7049 0. 8421 0.6116 0. 6021 SC3 0.3227 0. 2910 0. 2145 0. 1557
FeaCon 0. 6523 0. 8014 0. 5359 0. 5246 FeaCon 0. 3205 0.2918 0.2141 0. 1552
CoTr 0. 7539 0. 8813 0. 6880 0. 6802 CoTr 0. 5848 0.5513 0. 4594 0. 4193
RMSC 0. 7583 0. 8841 0. 6981 0. 6907 RMSC 0. 4473 0.4212 0.3417 0.2931
CSMSC 0. 8166 0.9173 0.7741 0. 7685 CSMSC 0.5927 0. 5684 0. 4742 0. 4339
LTMSC 0.7913 0. 9027 0. 7393 0.7329 LTMSC 0. 5657 0.5710 0. 4643 0. 4234
LMSC 0.8013 0. 9066 0. 7455 0. 7392 LMSC 0. 5234 0. 5356 0. 4236 0. 3768
MSCIAS 0. 8724 0. 9310 0. 8244 0. 8202 MSCIAS 0.5675 0. 6016 0. 1688 0. 4261
MLAN 0.7275 0. 8384 0. 5097 0. 4946 MLAN 0. 4442 0. 4724 0. 2837 0. 1986
GMC 0. 6325 0. 8571 0. 3599 0. 3367 GMC 0. 3810 0.5186 0. 2809 0. 1905
WTNNM 0. 9776 0. 9934 0. 9774 0. 9769 WTNNM 0. 9021 0. 9266 0. 8981 0. 8905
tMSC 0. 9741 0. 9925 0. 9742 0. 9736 tMSC 0.9013 0. 9264 0. 8974 0. 8897
ETLMSC 0.7172 0.8579 0. 6403 0.6313 ETLMSC 0. 8302 0.8591 0. 8091 0. 7944
LTALS 0. 9925 0. 9952 0. 9859 0. 9855 LTALS 0. 8067 0. 8333 0.7775 0.7610
TLIMSC 1. 0000 1. 0000 1. 0000 1. 0000 TLIMSC 0. 9688 0. 9522 0. 9432 0. 9390
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SC1 0.5264 0. 4685 0.4128 0. 3459
SC2 0. 4856 0. 4555 0.3912 0.3227
FeaCon 0. 7562 0.6714 0. 6482 0. 6086
CoTr 0.9102 0.8263 0. 8452 0. 8288
RMSC 0.7292 0. 6720 0. 6392 0.5986
CSMSC 0. 8348 0. 7389 0.7311 0.7010
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Background

Multi-view data generated from diverse feature extractors
or collected from different domains become extremely common
in many real-world applications, which induces the appearance
of multi-view learning by combining these multiple views for
data analysis. Multi-view clustering is one of the most widely
studied multi-view learning tasks. The key challenge of multi-
view clustering is how to integrate multiple views and combine
the underlying semantic information (e. g. the higher-order

information) of these representations to explore the spatial
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structure for better clustering performances. In the past few
years, considerable efforts have been made in developing
effective multi-view clustering methods, such as co-regularized
multi-view clustering, multi-view k-means clustering, low-
rank representation-based multi-view clustering and so on. In
particular, due to the superior performances, the low-rank
representation-based multi-view clustering methods become
the mainstream. Motivated by the impressive results of low-

rank representation (LRR), Zhang et al. firstly developed a
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low-rank tensor constrained multi-view subspace clustering
(LTMSC). To avoid the Tucker tensor decomposition of
LTMSC, t-SVD based multi-view subspace clustering (tMSC)
was proposed. Based on the tMSC method, WTNM for
multi-view subspace clustering further studied the distinct
regularization of different singular values.

Despite the great success of these methods, they have
some shortcomings. On the one hand, they spend much time
for algorithm learning, with their computation complexity
being at least O(n*logn) . and the blame lies in the insistence
of tensor constructed by the learned subspace representation,
in which relationships among n samples are under study.
On the other hand, after the tensor learning, the standard
spectral clustering or £-means algorithm is directly employed
on the integrated learned representation., being common but
deficient. Specifically, each learned representation of individual
view makes different contributions towards the final clustering
performances, which should be treated unequally during the
learning procedure. To address the aforementioned challenges.,
we propose a novel Tensor Learning Induced Multi-view
Spectral Clustering ( TLIMSC) method, where the spatial
cluster structures and complementary information are simul-
taneously explored. To be specific, inspired by the idea of

anchor graph. the relationships of the learned representations

between n samples and ¢ clusters are explored, and the spectral
embedding matrices learned from multiple views are considered.
Then, we utilize multiple spectral embedding representations
to construct the tensor, and the higher-order correlations
from the samples to the clusters would be discovered by the
t-SVD based weighted tensor nuclear norm, which takes the
salient cues between different singular values of the matrix
into account during the tensor learning. Besides, after obtaining
the improved representations with higher-order correlations,
the bridge between the final consensus clustering results and
the representations would be built, in which different contri-
butions of different representations towards the final clustering
results can be adaptively learned. Consequently, the main
purpose of this paper is to study an effective and efficient
multi-view clustering methods so as to not only capture the
higher-order correlations between the samples and the clusters
via t-SVD based weighted tensor nuclear norm, but also
consider different confidences of multiple representations
towards the final clustering results.
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